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HYPERGEOMETRICDISTRIBUTION 174
POISSONBINOMIAL DISTRIBUTION 175
FISHERS NONCENTRAL HYPERGEOMETRICDISTRIBUTION (UNIVARIATE ) 175
FISHERS NONCENTRAL HYPERGEOMETRICDISTRIBUTION (MULTIVARIATE ) 176
WALLENIUS' NONCENTRAL HYPERGEOMETRICDISTRIBUTION (UNIVARIATE) 176
WALLENIUS' NONCENTRAL HYPERGEOMETRICDISTRIBUTION (MULTIVARIATE ) 177
5.19 INFINITE DISCRETE DISTRIBUTIONS 177
BETA NEGATIVE BINOMIAL DISTRIBUTION 177
MAXWELL—BOLTZMANN DISTRIBUTION 178
GEOMETRICDISTRIBUTION 179
LOGARITHMIC (SERIES) DISTRIBUTION 181
NEGATIVE BINOMIAL DISTRIBUTION 182
POISSONDISTRIBUTION 183
CONWAY—MAXWELL —POISSONDISTRIBUTION 184
SKELLAM DISTRIBUTION 185
Y ULE—SMON DISTRIBUTION 185
ZETA DISTRIBUTION 187
ZIPFSLAW 188
ZIPFMANDELBROT LAW 189
5.20 BOUNDED INFINITE DISTRIBUTIONS 189
ARCSINEDISTRIBUTION 189
BETA DISTRIBUTION 191
LOGITNORMAL DISTRIBUTION 193
CONTINUOUSUNIFORM DISTRIBUTION 194
IRWIN-HALL DISTRIBUTION 195
KUMARASWAMY DISTRIBUTION 196
RAISED COSINEDISTRIBUTION 197
TRIANGULAR DISTRIBUTION 198
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TRUNCATED NORMAL DISTRIBUTION
U-QUADRATIC DISTRIBUTION
VON MISESDISTRIBUTION
WIGNER SEMICIRCLE DISTRIBUTION
5.21 SEMI-BOUNDED CUMULATIVE DISTRIBUTIONS
BETA PRIME DISTRIBUTION
CHI DISTRIBUTION
NONCENTRAL CHI DISTRIBUTION
CHI-SQUARED DISTRIBUTION
INVERSE-CHI-SQUARED DISTRIBUTION
NONCENTRAL CHI-SQUARED DISTRIBUTION
SCALED-INVERSE-CHI-SQUARED DISTRIBUTION
DAGUM DISTRIBUTION
EXPONENTIAL DISTRIBUTION
FISHER'S Z-DISTRIBUTION
FOLDED NORMAL DISTRIBUTION
FRECHETDISTRIBUTION
GAMMA DISTRIBUTION
ERLANG DISTRIBUTION
INVERSEGAMMA DISTRIBUTION
INVERSEGAUSSIAN/WALD DISTRIBUTION
LEVY DISTRIBUTION
LoG-CAUCHY DISTRIBUTION
LOG-LOGISTICDISTRIBUTION
LOG-NORMAL DISTRIBUTION
MITTAG—LEFFLERDISTRIBUTION
PARETODISTRIBUTION
RAYLEIGH DISTRIBUTION
RICE DISTRIBUTION
TYPE-2 GUMBEL DISTRIBUTION
WEIBULL DISTRIBUTION
5.22 UNBOUNDED CUMULATIVE DISTRIBUTIONS
CAUCHY DISTRIBUTION
EXPONENTIALLY MODIFIED GAUSSIAN DISTRIBUTION
FISHER-TIPPETT GENERALIZED EXTREME VALUE DISTRIBUTION
GUMBEL DISTRIBUTION
FISHER'S Z-DISTRIBUTION
GENERALIZED NORMAL DISTRIBUTION
GEOMETRIC STABLE DISTRIBUTION
HOLTSMARK DISTRIBUTION
HYPERBOLICDISTRIBUTION
HYPERBOLIC SECANT DISTRIBUTION
LAPLACE DISTRIBUTION
LEVY SKEW ALPHA-STABLE DISTRIBUTION
LINNIK DISTRIBUTION
LOGISTICDISTRIBUTION
NORMAL DISTRIBUTION
NORMAL-EXPONENTIAL-GAMMA DISTRIBUTION
SKEW NORMAL DISTRIBUTION
STUDENT'S T-DISTRIBUTION
NONCENTRAL T-DISTRIBUTION
VOIGT DISTRIBUTION
GENERALIZED PARETO DISTRIBUTION
TUKEY LAMBDA DISTRIBUTION
5.23 JOINT DISTRIBUTIONS
DIRICHLET DISTRIBUTION
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BALDING —NICHOLS MODEL

255

MULTINOMIAL DISTRIBUTION 256
MULTIVARIATE NORMAL DISTRIBUTION 256
NEGATIVE MULTINOMIAL DISTRIBUTION 257
WISHART DISTRIBUTION 258
INVERSEWISHART DISTRIBUTION 258
MATRIX NORMAL DISTRIBUTION 258
MATRIX T-DISTRIBUTION 259
5.24 OTHER DISTRIBUTIONS 259
CATEGORICAL DISTRIBUTION 259
CANTORDISTRIBUTION 260
PHASE-TYPEDISTRIBUTION 261
TRUNCATED DISTRIBUTION 261
PART 99: CONVERSIONS 263
99.1 LENGTH: 263
99.2 AREA: 265
99.3 VOLUME: 266
99.4 PLANE ANGLE: 270
99.5 SOLID ANGLE: 270
99.6 MASS: 270
99.7 DENSITY: 272
99.8 TIME: 273
99.9 FREQUENCY: 274
99.10 SPEEDOR VELOCITY: 274
99.11 FLOW (VOLUME): 275
99.12 ACCELERATION: 276
99.13 FORCE: 276
99.14 PRESSUREOR MECHANICAL STRESS: 277
99.15 TORQUE OR MOMENT OF FORCE: 278
99.16 ENERGY, WORK, OR AMOUNT OF HEAT: 278
99.17 POWER OR HEAT FLOW RATE: 280
99.18 ACTION: 281
99.19 DYNAMIC VISCOSITY: 281
99.20 KINEMATIC VISCOSITY: 281
99.21 ELECTRIC CURRENT: 281
99.22 ELECTRIC CHARGE: 282
99.23 ELECTRIC DIPOLE: 282
99.24 ELECTROMOTIVE FORCE,ELECTRIC POTENTIAL DIFFERENCE: 282
99.25 ELECTRICAL RESISTANCE: 283
99.26 CAPACITANCE: 283
99.27 MAGNETIC FLUX: 283
99.28 MAGNETIC FLUX DENSITY: 283
99.29 INDUCTANCE: 283
99.30 TEMPERATURE: 283
99.31 INFORMATION ENTROPY: 284
99.32 LUMINOUS INTENSITY: 284
99.33 LUMINANCE: 285
99.34 LUMINOUS FLUX: 285
99.35 ILLUMINANCE: 285
99.36 RADIATION -SOURCEACTIVITY: 285
99.37 RADIATION —EXPOSURE: 285
99.38 RADIATION - ABSORBED DOSE: 285
99.39 RADIATION -EQUIVALENT DOSE: 286
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PART 1: PHYSICAL CONSTANTS

1.1 SIPREFIXES:
Prefix | Symbol | 1000" 10" Decimal Scale
yotta Y 1000 10 1000000000000000000000000 Septillion
zetta z 1000 10 1000000000000000000000 Sextillion
exa E 1000 10" 1000000000000000000 Quintillion
peta P 1000 10" 1000000000000000 Quadrillion
tera T 1000 10* 1000000000000  Trillion
giga G 1000 10° 1000000000  Billion
mega M 100G 10° 1000000/  Million
kilo K 1000 10° 1000| Thousand
hecto h 100(?/3 107 100 Hundred
deca da 1006/3 10" 10 Ten
100d 10° 1 One
deci d 1000_]/3 10" 0.1 Tenth
centi C 1000—2/3 1072 0.01| Hundredth
milli m 1000? 1072 0.001| Thousandth
micro u 1000° | 10° 0.000001]  Millionth
nano n 1000° 10° 0.000000001 Billionth
pico D 1000* |10 0.000000000001 Trillionth
femto f 1000° |10 0.00000000000000(L Quadrillionth
atto a 1000° |10 0.000000000000000001 Quintillionth
zepto z 1000 104 0.000000000000000000001 Sextillionth
yoCto y 1000° |10 | 0.000000000000000000000001Septillionth
1.2 SIBASE UNITS:
Quantity Unit Symbol
length meter m
mass kilogram kg
time second S
electric current ampere A
thermodynamic
temperature kelvin K
amount of substance mole mol
luminous intensity candela cd
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1.3 SIDERIVED UNITS:

Quantity

Unit

Symbol

Expression in terms of other S

units
angle, plane radian* rad m/m =1
angle, solid steradian* sr m’/m? = 1
degree K
Celsius temperature Celsius °C
electric capacitance farad F CIvV
electric charg_e,_ quantity A.s
of electricity coulomb C
electric conductance siemens S AV
electric inductance henry H WDb/A
electric potential
difference, electromotive WI/A
force volt \Y
electric resistance ohm Q V/A
energy, work, quantity o _ N-m
heat joule J
force newton N kg-m/$
frequency (of a periodig 1s
phenomenon) hertz Hz
illuminance lux Ix Im/m?
luminous flux lumen Im cd-sr
magnetic flux weber Wb V-s
magnetic flux density tesla T Wb/n?
power, radiant flux watt w J/s
pressure, stress pascal Pa N/m?
activity (referred to a 1s
radionuclide) becquerel Bq
absorbed dose, specifi( Jikg
energy imparted, kermg gray Gy
dose equivalent, ambier
dose equivalent,
directional dose Jlkg
equivalent, personal dog
equivalent, organ dose
equivalent sievert Sv
catalytic activity katal kat mol/s
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1.4

UNIVERSAL CONSTANTS:

. Relative Standard
Quantity Symbol Value Uncertainty
speed oflightin | 299 792 458 m$ defined
vacuum
Newtonian constant 1.3, -1 -2 4
of gravitation G 6.67428(67)x10" m* kg s71.0 x 10
IPlanck constant  ||;, 16.626 068 96(33) x 16" J-s | 5.0 x 10
reduced Planck iy — 1 /(97r)l1.054 571 628(53) x 1¢ J-5| 5.0 x 18
constant
1.5 ELECTROMAGNETIC CONSTANTS:
. . Relative Standard

Quantity Symbol Value (SI units) Uncertainty
magnetic constant 4n x 10 N-A™> = 1.256 defined
(vacuum permeability)|F*? 637 061... x 1T N-A2
electric constant _ 2,|8.854 187 817... x 1 ,
(vacuum permittivity) |©0 ~ 1/ (hoc”) | iyt defined
characteristic Zo = 1taC 376.730 313 461.0 | defined
impedance of vacuum

. _ 8.987 551 787... x £0 | . ..
Coulomb's constant [k, = 1/4meq N.m2. C2 defined
elementary charge ||e ib(é?gZCl?G 487(40) x 2.5 x 10°
6
Bohr magneton wg = ehi/2m, 3_2_'7,'1400 915(23) x 16 25 x 10°
conductance quantum/Gly = 2¢”/h 167‘?88091 7004(53) * llg g x 1010
inverse conductance | ~—1 2 10
quantum G, = h/2e” |12 906.403 7787(88) |6.8 x 10
Josephson constant | ; = 2e/h 4'8351978 91(12) x 10 2.5 x 10®
Hz- V'

. L 2.067 833 667(52) x 8

magnetic flux quantumon = h/2e 105 Wh 2.5x10
_ 5.050 783 43(43) x 8

nuclear magneton ||y = eh/2my, 1077 .71 8.6 x 10
von Klitzing constant |Ry = h/e® [25812.807 557(18p 6.8 x 10

1.6 ATOMIC AND NUCLEAR CONSTANTS:
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Value (S| Relative
Quantity Symbol units) Standard
Uncertainty

5.291 772
Bohr radius ||ag = /4T R 108(18) x 3.3x10°

10" m
classical 2.817 940
electron r. = € /Amegmec’ 2894(58) x  |[2.1 x 10°
radius 10 m

9.109 382
electron mas§m, 15(45) x 10°** (5.0 x 10°

kg
Fermi
coupling Gr/(he)? 10%56%2?;21) *|l8.6 x 10°
constant
fine-structure| 2 _ .2 7.297 352 537 10
constant o = poe-c/(2h) = e/ (dmeghic) 6(50) x 10° 6.8 x 10

4.359 744
Hartree _ 18 7
energy E, =2R_hc }7(75) x 10"° 1.7 x 10

1.672 621
proton mass |1y 637(83) x 5.0 x 108

10?" kg
quantum of 3.636 947 )
circulation M/ 2 ?nE;oSg@ x 10%16.7 x 10
Rydberg 2 10973 12
constant R = a"m.c/2h ;gé.(f;gisrﬁl 6.6 x 10
Thomson 2 6.652 458 29 8
cross sectionl( 3T/ 3)Te r7n3;(13) x 10%|[2.0 x 10
‘;"r‘fg‘lg XY lein? By = 1 — (my/mz)?  |0.22215(76) | 3.4x 18
1.7 PHYSICO-CHEMICAL CONSTANTS:

Relative
Quantity Symbol Value (Sl units) || Standard
Uncertainty

atomic mass unit
(unified atomic massm,, = 1 u 1b§2670k538 86(28) x|y 7 x 107
unit) 9
Avogadro's number | N 4, L (150%% ilﬁl 5(10) x|y 7 x 107
Boltzmann constant |k = kg = /N 4 1.3806504(24) x 1.8 x 16
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[10%3.K?

Faraday constant ||F' = N 4e ng 3383(83)C- mot 8.6 x 10°
B : 3.741 771 18(19) x 6
radiation
constant I 1.191 042 82(20) x ;
spectral |cir, 10 W. 2 s7 1.7 x10
radiance
at
. WT=273.15
Fces g RV 255017560 |y .1
p=101.32
kPa
gas constant R ?%14 :12%15) 1.7 x 10°
molar Planck constaHNAh ibg?ooﬁsl_zmz}lf (27) %6.7 x 10°
at
T=273.15 2.2710 981(40) x 6
| K and 102 m3-mor* 1710
\r/no?ua;:le of =100 kP&
an ideal | @t Vi = RT/p
gas T1=273.15 2.2413 996(39) 6
Kand 102 m?- mor® 1.7x 10
p=101.32
kPa
atT=1K
andp=100 5 -1.151 704 7(44) || 3.8x 1D
Sackur- kPa So/R ==
Tetrode [t T=1 K 2 - ]
constant||ang +In [(QW’mka[h Y¥2ET p 1164867 7(44) | 3.8x 0
p=101.32! o s '
kPa
second radiation _ 1.438 775 2(25) x 6
constant cp = hefk 102 m-K 1.7x10

Stefan—Boltzmann
constant

o= (7 /60)k* /R

5.670 400(40) x 10
W-m %K™

7.0 x 10°

Wien displacement

2.897 768 5(51) X

b= (hc/k 6
law constant (he/k)/a.965 114 231... |13 ik 1.7 x 10
1.8 ADOPTED VALUES:
Relative
Quantity Symbol Vi'ﬁifsgs' Standard
Uncertainty

Iconventional value of

LK 7_g0

14.835 979 x| defined
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Josephson constant

| 4eiz-v' |

raiE

conventional value of vo R 25 812.807 defined
Klitzing constant K—90 Q
3

constant  ||M,, = M('*C)/12 ig%nlgrl defined
molar mass >

of carbon-12| M ( *2C) = N ym/( "*C) &Qz-r:]oqu defined
standard acceleration of|
gravity (gee, free-fall on |, ?n8§26 65 defined
Earth)

standard atmosphere |

|a,t-m

101 325 Pa | defined

19 NATURAL UNITS:
| Name | Dimension |  Expression | Value (SI units) |
Planck length Length (L) Ip = g 1.616252(81) x 10**m
he 8

Planck mass Mass (M) mp = E 2.17644(11) x 10° kg

. : hG 44
Planck time Time (T) tp = F 5.39124(27) x 10™s

; : 18

Planck charge (ECIQ(§CtrIC charge gp = m (1:.875545870(47) x 10
Planck Temperature®) [T, — > 1.416785(71) x 167 K
temperature F GL2
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PART 2: MATHEMTAICAL SYMBOLS

2.1

Symbol

INTIV ANV I

—_— o~
—

+

I+

+l

mod

a™b
\a
*Na
“a
"Ja
%
%0
ppm
ppb
ppt

2.2

Symbol

Z

oM A X

Symbol Name
equals sign
not equal sign
strict inequality
strict inequality
inequality
inequality
parentheses
brackets
plus sign
minus sign
plus - minus
minus - plus
asterisk
times sign
multiplication dot
division sign / obelus
division slash

horizontal line

modulo
period
power
caret

square root

cube root

forth root

n-th root (radical)
percent

per-mille
per-million
per-billion
per-trillion

Symbol Name

angle

measured angle

spherical angle

right angle
degree
arcminute

BASIC MATH SYMBOLS

Meaning / definition
equality
inequality
greater than
less than
greater than or equal to
less than or equal to
calculate expression inside first
calculate expression inside first
addition
subtraction
both plus and minus operations

both minus and plus operations
multiplication

multiplication

multiplication

division

division

division / fraction

remainder calculation

decimal point, decimal separator
exponent

exponent

Va-Va = a

1% = 1/100

1%o = 1/1000 = 0.1%
1ppm = 1/1000000
1ppb = 1/2000000000
1ppb = 10?

GEOMETRY SYMBOLS

Meaning / definition

formed by two rays

=90°
1 turn = 360°
1° =60
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5=2+3
5% 4
5> 4
4<5
5>4
4<5
2 x (3+5) = 16

[(1+2)*(1+5)] = 18

1+1=2
2-1=1
3+5=8and-2
3F¥5=-2and8
2*3=6
2x3=6
2-3=6
6+2=3
6/2=3

6

E

7mod2=1
2.56 = 2+56/100
2°=8

27r3=8

V9 = +3

V8 =2

16 = +2

for n=3,"8 = 2
10% x 30 = 3
10%0 x 30 = 0.3

Example

10ppm x 30 = 0.0003
10ppb x 30 = 3x16
10ppb x 30 = 3x1¢

Example

«ABC = 30°
xABC = 30°
+AOB = 30°
a = 90°

a = 60°

a = 60°59'




AB line
E ray
| perpendicular
|| parallel
~ congruent to
~ similarity
A triangle
| x-y| distance
T pi constant
rad radians
grad grads
2.3 ALGEBRA SYMBOLS
Symbol Symbol Name
X X variable
= equivalence
N equal by definition
= equal by definition
approximately equal
~ approximately equal
o proportional to
© lemniscate
< much less than
> much greater than
) parentheses
[1 brackets
{} braces
[x] floor brackets
[x] ceiling brackets
x! exclamation mark
|x]  single vertical bar
f(x)  function of x
(fog) function composition
(a,b) openinterval
[ab] closed interval
A delta
A discriminant
> sigma

arcsecond

1"=60" a = 60°59'59"
line from point A to point B

line that start from point A

perpendicular lines (90° angle)  AC | BC
parallel lines AB || CD
equivalence of geometric shapes and

size AABC = AXYZ
same shapes, not same size AABC ~ AXYZ
triangle shape AABC = ABCD
distance between points x andy |xy|=5

= 3.141592654...

is the ratio between the circumferense=z-d = 2-z-r
and diameter of a circle

360°=Z rad
360° = 400 grad

radians angle unit
grads angle unit

Meaning / definition
unknown value to find
identical to

Example
when X = 4, therx = 2

equal by definition

equal by definition

weak approximation 11 ~10
approximation sin(0.01)= 0.01
proportional to f(X) o< g(x)

infinity symbol

much less than 1 <« 1000000

1000000 1
2 * (3+5) = 16
[(1+2)*(1+5)] = 18

much greater than

calculate expression inside first
calculate expression inside first

set

rounds number to lower integer |4.3]=4

rounds number to upper integer [4.3]=5

factorial 41 = 1*¥2*3*4 = 24
absolute value |-5]=5

maps values of x to f(x) f(X) = X+5

f (X)=3%, g(X)=x-1 = (f og)(X)=3(x-1)

(fog) (09 = (9(x)

(ab) £ {x|a<x<b} X € (2,6)

[ab] £ {x|a<x<Db} X € [2,6]

change / difference At =t,- 1,
A=b?-4dac

summation - sum of all values in range of. _ _

series 2 %= X#Xgh. 4 X
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ii’ 3= i" 1T i Isn

Example

Example

>y sigma double summation
m capital pi product - product of all values in range ofH XXy g X
series
e  cconstant/Eulers . _, 795551898, . e=lim (1+1K)° , X0
number
v Egr']irt;\f‘f‘“hero”' v = 0.527721566...
10) golden ratio golden ratio constant
2.4 LINEAR ALGEBRA SYMBOLS
Symbol Symbol Name Meaning / definition
‘ dot scalar product a-b
X cross vector product axb
AQB tensor product tensor product of A and B A®B
(T, y:; inner product
[1 brackets matrix of numbers
@) parentheses matrix of numbers
|A] determinant determinant of matrix A
det®) determinant determinant of matrix A
[1x 1] double vertical bars norm
AT transpose matrix transpose (AT)ij = (A)ji
At Hermitian matrix matrix conjugate transpose (Af)ij = (A)ji
A Hermitian matrix matrix conjugate transpose (A*)ij = (A)ji
A* inverse matrix AAt=|
rank(®) matrix rank rank of matrix A rank@®) = 3
dim(U) dimension dimension of matrix A rankU) = 3
2.5 PROBABILITY AND STATISTICS SYMBOLS
Symbol Symbol Name Meaning / definition
P(A) probability function probability of event A P(A) =0.5
P(AN B) probabm.ty of events probability that of events Aand B |P(ANB) = 0.5
intersection
probability of events .
P(A U B) union probability that of events A or B P(AUB) = 0.5
P(A|B) cond!tlonal probability probability of event A given event B P(A|B) =03
function occured
probability density _
f (%) function (pd Pla<x<b)=]f(x) dx
cumulative distribution _
F¥) function (cdf) F) =P(X=x)
U population mean mean of population values w=10
E(X) expectation value expected value of random variable XE(X) = 10
EX | V) conditional expectatiorweXpeCted value of random variable XE(X |Y=2=5

given Y
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var(X)

std(X)

Ox

T
coUX,Y)

corr(X)Y)

Pxy

z

X

Mo

MR

Md
Q.

Q.

2
X ~
N(x,0%)
U(a,b)
exg\)

gammédc, 1)
15K
F (ki k)
Bin(n,p)

Poissorf))
Geonfp)

HG(N,K,n)
Bern(p)

variance variance of random variable X var(X) =4
variance variance of population values o’=4
. standard deviation of random variabl
standard deviation X gtoKX) =2
_ standard deviation value of random _
standard deviation . ox =2
variable X
median middle value of random variable x 7+ — §
. covariance of random variables X ard _
covariance v coX,Y) =4
. correlation of random variables X and _
correlation v corr(X,Y) =3
. correlation of random variables X and
correlation v Pxy=3
. . i
. summation - sum of all values in rani
summation . I; =T +T2+ 33+ T4
of series -

1=1
2 = [ [
B . b
double summation double summation 2 S g = E ri1+ 2
P b
=1 1=1 1=1 1=1

value that occurs most frequently in
mode

population
mid-range MR = (XmaxtXmin)/2
sample median half the population is below this valug

lower / first quartile ~ 25% of population are below this value

. .50% of population are below this value
median / second quartile .
= median of samples

upper / third quartile  75% of population are below this value

sample mean average / arithmetic mean X = (2+5+9) / 3 =5.333
sample variance population samples variance estimatef = 4

sample standard population samples standard deviatiosn_ 2

deviation estimator -

standard score Zc= (x-X) / s

distribution of X distribution of random variable X X ~N(0,3)

normal distribution gaussian distribution X ~N(0,3)

uniform distribution  equal probability in range a,b X~ U(0,3)

exponential distributiorf (X) = 1™, x>0

gamma distribution  f (X) = A ¢ X %™ / T'(c), x>0

chi-square distribution f (x) = X2 | ( 22T(k/2) )
F distribution

binomial distribution  f (K) = Cy pk(l_p)n-k
Paisson distribution  f (k) = Ae™ / k!

geometric distribution f (k) = p(1-p) k

hyper-geometric
distribution

Bernoulli distribution
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2.6 COMBINATORICS SYMBOLS

Symbol Symbol Name Meaning / definition Example
n! factorial n=12-3-..n 5/=1.2-3-4.5=120
1!
Px  permutation W = [—M‘ sP3 = 51/ (5-3)! = 60
n— k)l

an

combination Cp = = ! C; = 5!/[3!(5-3)!']=10
n T \R) T R n — k) ST T
I

2.7 SET THEORY SYMBOLS

Symbol
{}

ANB
AUB
AcB
ACB
AZB
A=2B
ADB

ADB

P(A)

AC

A\B

AAB

AoB

acA

XEA
(ab)

AxB

Al
#A

Symbol Name
set

intersection
union

subset

proper subset / strict
subset

not subset

superset

proper superset / strict

superset

not superset
power set
power set
equality

complement

relative complement
relative complement
symmetric difference

symmetric difference

element of

not element of
ordered pair

cartesian product

cardinality
cardinality

Meaning / definition Example
a collection of elements A={3,7,9,14}, B={9,14,28}
objects that belong to set A and set

B A N B={9,14}
objects that belong to set A or set

B A U B={3,7,9,14,28}
subset has less elements or equ

the set {9,14,28} < {9,14,28}
subset has less elements than the

set {9,14} C {9,14,28}

left set not a subset of right set {9 66} ¢ {9,14,28}
set A has more elements or equal

to the set B {9,14,28} = {9,14,28}
set A has more elements than sgoBi 4 28} > {9,14}

set Ais not a superset of set B {9 14,28} p {9,66}
all subsets of A
all subsets of A

both sets have the same membefs={3,9,14}, B={3,9,14}, A=B

all the objects that do not belong
set A

objects that belong to A and not Eg_
B =
objects that belong to A and not EQ—
B =
objects that belong to A or B but
not to their intersection

objects that belong to A or B but
not to their intersection

{3,9,14},
{3,9,14},
A={3,9,14},

A={3,9,14},

set membership A={3,9,14},3€ A

no set membership A={3,9,14},1¢ A
collection of 2 elements

set of all ordered pairs from A and
B

the number of elements of set A A={3,9,14}, |A|=3
the number of elements of set A/ A={3,9,14}, #A=3
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B={1,2,3}, A-B={9,14)
B={1,2,3}, A-B={9,14)
B={1,2,3}, AA B={1,2

B={1,2,3}, Ao B={1,2

9,14]

9,14



2.8

Symbol

wow (<< U

X aleph infinite cardinality

a empty set gd={}

U universal set set of all possible values
natural numbers set (with

No zero) No={0,1,2,3,4,...}
natural numbers set _

N1 (without zero) N1 ={1,2,3,45,.}

7 integer numbers set 7 ={.-3,-2,-1,0,1,2,3,...}

Q rational numbers set  Q = {x | x=a/b, a,beN}

R real numbers set R = {x] <o <X <}

C complex numbers set € ={z|z=atbi, <o<a<eo, -

LOGIC SYMBOLS

Symbol Name

and
caret / circumflex
ampersand

plus
reversed caret

vertical line
single quote
bar

not

exclamation mark

circled plus / oplus

tilde

implies

equivalent

for all

there exists

there does not exists
therefore

because / since

oo<p<oo}

Meaning / definition

and Xy
and XNy
and X&'y
or X+y
or XV y
or x|y
not - negation X

not - negation X

not - negation - X
not - negation I'x
exclusive or - xor X®y
negation ~X

if and only if
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C = {2}

0c N

6 N;

6”7
26 Q
6.343434c R

6+2 € C

Example




2.9 CALCULUS & ANALYSIS SYMBOLS

Symbol Symbol Name Meaning / definition Example
lill'l{] f(f} limit limit value of a function
@I
. represents a very small number, near
€ epsilon c¢—0
zero
e e constant / Euler's number e=2.718281828... e=lim (1+1K)*, x—w
y' derivative derivative - Leibniz's notation (3% = ¢
y" second derivative derivative of derivative (3°)" = 1&
yo nth derivative n times derivation 3\ =18
d1
4y derivative derivative - Lagrange's notation  d(3x°)/dx = 9¢
dax
d*y
—= second derivative derivative of derivative d(33)/dX = 1&
dr?
d™yy o _ o
—_ nth derivative n times derivation
dax™
3} time derivative derivative by time - Newton notation
?j time second derivative derivative of derivative
df(x, 1 o
M partial derivative OO+ ox = 2
dx
[ integral opposite to derivation
) double integral integration of function of 2 variables
Iy triple integral integration of function of 3 variables
§ closed contour / line integral
s closed surface integral
§fp closed volume integral
[a,b] closed interval [ab] = {x|a<x< b}
(a,b) open interval (ab) ={x]a<x<b}
[ imaginary unit i=+-1 z=3+12
z complex conjugate z= atbi — Z*=a-bi zx=3+2
z complex conjugate z= atbi — z=a-bi z=3+12
\v4 nabla / del gradient / divergence operator Vf (x,Y,2)
—
T vector
o~ .
T unit vector
X*y convolution y(t) =x(t) * h(t)
£ Laplace transform F(s) = £{f (t)}
F Fourier transform X(w) = F{f ()}
0 delta function
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PART 3: AREA, VOLUME AND SURFACE AREA

3.1 AREA
. 1 1. a’sinBsinC
Triangle: A==-bh==absinC=————=,/ds—a){s-b)ls-c
. Lon=1 INBSINC . J4s-a)s-blis o)
Rectangle: A=lw
Square: A=a’
Parallelogram: A=Dbh=absinA
Rhombus: A=a’sinA
Trapezium: A= h(a+ bj
s
Quadrilateral: A= \/(s - a)(s-b)(s—c)(s-d)-abcdx cos’ (Mj
A= d,d, sinl
2
Rectangle with rounded corners: A=Iw -r? (4 - IT)
2
Regular Hexagon: A= 3\/§2xa
Regular Octagon: A= 2(1+ \/E)x a’®
_ na’
Regular Polygon: =
{180}
dtan —
n
3.2 VOLUME
Cube: Vv =a’
Cuboid: V =abc
Pyramid: V= % x Alb)xh
Tetrahedron: V= Q xa’
12
Octahedron: V= % xa’
Dodecahedron: V= % xa®
Icosahedron: \Y, :i3*1+2_\/§)xa3
3.3 SURFACE AREA:
Cube: SA=6a’
Cuboids: SA=2(ab+bc+ca)
Tetrahedron: SA=+/3xa?
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Octahedron:

Dodecahedron:

Icosahedron:
Cylinder:

SA=2x+/3xa?

SA=3x+/25+10J5 x a>

SA=5x+/3xa?
SA=2m(h+r)

3.4 MISELANIOUS

Diagonal of a Rectangle d=+I1*+w
Diagonal of a Cuboid d =+a®+b*+c?
Longest Diagonal (Even Sides) = i 5
s.n(j
n
Longest Diagonal (Odd Sides) =——2
. (90]
2sin —
n
Total Length of Edges (Cube): =12a

Total Length of Edges (Cuboid):= 4(a+b+c)

Circumference C=2m=rm
Perimeter of rectangle P=2(a+h)
Semi perimeter S= g

Euler's Formula Facest Verticies= Edgest 2
3.5 ABBREVIATIONS (3.1, 3.2, 3.3, 3.4)
A=area
a=side ‘a’
b=base
b=side ‘b’
C=circumference
C=central angle
c=side ‘¢’
d=diameter
d=diagonal
d;=diagonal 1
d,=diagonal 2
E=external angle
h=height
I=internal angle
|=length
n=number of sides
P=perimeter
r=radius
r.=radius 1
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s=semi-perimeter
SA=Surface Area
V=Volume
w=width
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PART 4: ALGEBRA
4.1 POLYNOMIAL FORMULA:

Qudaratic:. = Whereax? +bx+c=0,

« = -b++b?-4ac
2a
Cubic: Whereax® +bx* +cx+d =0,

b
Let, x=y-—
y 3a
b’ b\’ b
0 -— | +hy-—| +dy-— |[+d =0
a{y SaJ (y SaJ (y SaJ
b? 2b®  bc
ay’+|c-— |y+|d+——-—|=0
P (e fye(av -]

b? 2b®  bc

c——— d+ -

. 3a 27a® 3a
y+ =

y- +
a a
b? 2b®>  bc
c——— d+———-——
3 3a 27a° 3a
y”+ y=-
a a
b2
=
Let, A= = 3st.(1)
a
s
2
3
Let,B=- 27: Y s -..(2)
Oy*+Ay=B

y® +3sty=s> —t3

Solution to the equation =-t

Let, y=s-t

0(s—t)* +3st(s—t) = s°* - t°

(53 —3s’t + 3st” —t3)+ (352t —35t2): S

Solving (1) fors and substituting into (2) yields:

A 3 4

— ) -+ =B.

(5)

t“+Bﬁ—£={}
27 ’

Let, u=t?

3

Ou?+Bu-2 =0
27
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ie:qu®+fu+y=0

a=1
B=B
A3
Y
y= " BENB - 4ay
2a
-B+ Bz+4—A3
U= 27
2
3
_Bx B2+ 2
Ot=%u={ 27
2

Substituting into (2) yields:

3
, ~B#,|B? LA
s’=B+t*=B+ 21

3

2
3
3
B+ B2+ 22
Os=,B+ 2
2
Now, y=s-t
3
3 3
~Bx B2+ A ,|-Bz B2 + 44
Oy=,B+ -
Yy=3 5 5
NOW,x:y—£
3a
3
3 3
_Bx B2+ A Bx. B2+ 4A
X = 3B+ 27 _ 27
2 2
b? 2b®  bc
“" 3 " 27a 3
a® 3a
Where, A= &B=-
a a
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4.2 ALGEBRAIC EXPANSION:
Babylonian Identity:

,
G (m - i)) 1= (% (l N 1)) ' (c1800BC)
Common Products And Factors
(a+b)y =a*+2ab+b’
(a—b) =a’—2ab+b’
(a+b) =a’ +3a’b+ 3ab® + b’
(a-b) =a’-3a’b+3ab® - b’
a’—b’>=(a—b)a+b)
a’—b’=(a-b)a’+ab+b)
a’+b’=(a+b)a*—ab+5b*)

2

(xty)Y =x"+2xy+y’
(x+y)’ =x*+£3x7y+3xy* £y’

(xty)' =x"t4xy+6x7y £4xy’ +y"
Binomial Theorem:

For any value of n, whether positive, negativegget or non-integer, the value of the nth
power of a binomial is given by:

a+b)' =a"+nd" b+”(”2_') G

Binomial Expansion:
For any power of n, the binomial (a + x) can beasqed

1 nn—=1) no
(a+ r) =a"+na x+%€f” X*+ . +x

n
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This is particularly useful when x is very muchdelan a so that the first few terms
provide a good approximation of the value of thpregsion. There will always be n+1
terms and the general form is:

Mote that the factorial
. n ”! P is given by
(a+ x) :2 : 'H X nl=1-2-3...-n
k:(}(ﬂ—k).k. 0'=1
Difference of two squares:
a’ —b* = (a+b)(a—Db)
Brahmagupta—Fibonacci Identity:
(a® + %) (& +d*) = (ac — bd)* + (ad + be)® (1)
= (ac + bd)* + (ad — be)”. (2)
Also,
(a® + nb*) (? + nd?) = (ac — nbd)* + n (ad + be)? (3)
= (ac + nbd)* + n (ad — be) (4)

Degen's eight-square identity:

(0} + a3 + a3 + g + a2 + ag + a7 + ag) (b + b5 + by + by + B2 + by + b7 + bg) =
(@iby — agby — azbs — asby — asbs — aghg — azby — ﬂabs)z-l-

(@ybo + aoby + azhy — asby + ashg — aghs — azbg + aghz)’+
(a1bs — asby + azby + asby + asb; + aghs — azbs — ﬂ-abﬁ}g-l-
(a1bs + asbs — azhy + asby + asbs — agbr + azbs — asbs)’+
(@1bs — asbg — azb; — asbs + asby + aghy + azbs + [1354)24_
(a1bg + azbs — azbs + asb; — asby + aghy — azby + ﬂ-aba}E-J—
(@iby + azbs + asbs — asbs — asbs + aghy + azby — a.352}2-|-

1bg — asby 4 azbe + asbs — asby — aghs + azby + ﬂab1)2

(a

Note that:
(a1 + a3 + a3 + a3) (b + by + b3 + b3) =
( 1y — ashy — azhs — 3454}

(@1be + azby + azbs — ﬂqf’aJ +

(@1bs — azby 4 azb; + ﬁqhﬂ +

(aiby + azbs — azby + ﬂ4'51}

and,

(a5 + ag + a7 + ag) (b] + b + b + b)) =
(asby + agby + azbs + ﬂ-sbﬂz—I—
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(ashby — aghy + azby — ﬂ-aba}i-i—
{Habg — ﬂﬁb.; — ﬂ-j’hi -+ ﬂ-gbg}_'F
(asby 4 agbs — azby — agby)”
4.3 LIMIT MANIPULATIONS:

lim(a, £b (ﬁlm Qfm(bn))
lim(ka, ) =k{im(a,)
(
(

4.4 SUMATION MANIPULATIONS:

%C‘ - f{n) ': © T;S ffn) whereC is a constant
> fm)+ X g(n) = X [f(n) +9(n)

> fln)— Zg n) = E f(n)—g(n)]

n==s n=s

an - Eif(n—p)
thnH Z fnJ—Zf n)
(z o) (za-) Y,

=ip i=kp j=lp
ZZ% ZZ%
IMJ J Iy i=hkg 2ti1
Zf{?n)—i—z_f 2n+1)=>_ f(n)
ﬂ_ﬂ: n=>0 dboi n=0
Zz_fz n+1)= Z fin

_'Dz 0

Zlu f(n)=In H f(n)
C[Z,,_ ] Hcﬂfﬂ

n==g

45 COMMON FUNCTIONS:

Constant Function:

y=aorf(x)=a
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Graph is a horizontal line passing through the i)
x=a

Graph is a vertical line passing through the p(érd)

Line/Linear Function:

Parabola/Quadratic

Circle:

Ellipse:

y=mx+c

Graph is a line with poir(0,c) and slopen.

Where the gradient is between any two poiiXsy,) & (X,,Y,)

rise -
m= Y2 W
run - X, =X

Also, y =y, +m(x-x,)
The equation of the line with gradiantand passing through the
point (x,,Y; ).

Function:

y=a(x-h)*+k

The graph is a parabola that opens w0 or down ifa< 0 and
has a vertex dih,k).

y=ax’ +bx+c
The graph is a parabola that opens w0 or down ifa< 0 and

has a vertex %_—b f(_—bn
2a 2a

x=ay’ +by+c
The graph is a parabola that opens right30 or left ifa< 0 and

has a vertex %g(_—bj[_—bjj . This is not a function.
2a)\ 2a

bt + gk =1
Graph is a circle with radiusand centefh,k).

SN

a

Graph is an ellipse with centéin,k) with verticesa units right/left
from thecenter and verticdsunits up/down fronthe center.
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Hyperbola:
(x=h) _(y=K)* _,
a’ b?
Graph is a hyperbola that opens left and right,ehesnter at
(h) , verticesa units left/right of center and asymptotes thaspas

through center with sIopeE.
a

(y-k) _(x=h)" _
b a -1
Graph is a hyperbola that opens up and down, kastar at
(h,k) , verticesb units up/down from the center and asymptotes

that pass through center with slorelz.
a

4.6 LINEAR ALGEBRA:
Vector Space Axioms:

LetV be a set on which addition and scalar multiplaatre defined (this means that if u

and v are objects i andc is a scalar then we've defindd+ ¥ u+v andcu in
some way). If the following axioms are true fdrabjects u, v, and w i and all
scalarx andk thenV is called a vector space and the objecté ame called vectors.

@u+ v u+visinV _ Thisis called closed under addition.
(b)cuisinV _ This is called closed under scalar multiplication.
cou+v=v-+u u+v=v+u

(d)u+(v+w): (u+v)+w
u+{v+w): |:u+'i.r) +w
(e) There is a special object\hdenoted 0 and called the zero vector, such that

for all uinVwe haval+ {} = (l+u =1 u+0=0+u=u.
(f) For every u inV there is another object vjy denoted—l1 —u and called the

negative of u, such thi U= +(_“) =0
u-u=u+{-uj=0

(g)(f(ll+1?):(ju+ﬂ C[U+V)=cu+c1.r
(h)(c_‘_k)u’: cu+ku (c+&)u=cu+iu
(0) ¢(hu)=(ck)u e} =(ck)u

0) Tu=u hi=mn

Subspace: When the subspace is a subset of another veaoespnly axioms (a)
and (b) need to be proved to show that the subspadso a vector space.

Common Spaces:
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Real Numbers 0,02,0°%,...,0"(n denotes dimension)
Complex Numbers: C,C?,C3,...,.C"(n denotes dimension)
Polynomials P,R,,R,,...,P, (n denotes the highest order of x)

All continuous functions  C[a,b](a & b denote the interval) (This is never a
vector space as it has infinite dimensions)

Rowspace of a spanning set in'R
Stack vectors in a matrix in rows
Use elementary row operations to put matrix int@ exhelon form
The non zero rows form a basis of the vector space

Columnspace of a spanning set in'R
Stack vectors in a matrix in columns
Use elementary row operations to put matrix int@ exhelon form
Columns with leading entries correspond to the subBvectors in the set that
form a basis

Nullspace:
Solutions toAx=0A

Using elementary row operations to put matrix irtew echelon form, columns
with no leading entries are assigned a constanttecemaining variables are
solved with respect to these constants.

Nullity:
The dimension of the nullspace
ColumngA) = Nullity (A) + Rank( A)

Linear Dependence:
c,hp+C,r,+...+cr, =0
Then,c, =c,=c, =0
If the trivial solution is the only solution,,r,,..r, are
independent.

r(A) #zr(A|b): No Solution
r(A) =r(A|b) =n: Unique Solution
r(A) =r(A|b) <n: Infinite Solutions

Basis: S is a basis of V if:
S spans V
S is linearly dependant

S:{ul,uz,us,...,un}
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The general vector within the vector spacens: y
z

W= U, +CU, + CU, +...+ C U,

ull u21 u31 b unl Cl
u u u .. u C
Therefo re, 12 2 3 n2 2
[W] - u13 u23 u33 b un3 CS
u1n u2n u3n e unn_ _Cn

If the determinant of the square matrix is not zéme matrix is invertible.
Therefore, the solution is unique. Hence, all viecto w are linear
combinations of S. Because of this, S spans w.

Standard Basis:

Real Numbers S(@")=<{00}l1}..0

10[]10]|0) |1]

Polynomials S(P) :{1 X, xz,x3,...,x”}

Any set the forms the basis of a vector space swghin the same number of
linearly independent vectors as the standard basis.

Orthogonal Complement:
W"is the nullspace of A, where A is the matrix that@ingv,,v,,V,,...,v,} in

rows.
dimW") = nullity (A)
Orthonormal Basis:
A basis of mutually orthogonal vectors of lengtiBasis can be found with the
Gram-Schmidt process outline below.
{0 i Z
<V,V =40
1 i=]

In an orthonormal basis:
u=<uVv, >v,+<uVv, >V,+<UVv, >V, +.+<UuV, >V,)

u=qgV, +CcV, +cV; +...+CV,)
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Gram-Schmidt Process:

This finds an orthonormal basis recursively.
Inabasis B={u,u,,u,...u}
Q =U
Vi=0q, = R
o]
Next vector needs to be orthogonahjo
0, =U,=<U;,V; >V,
Similarly
Q; =U3— <Ug,Vy >V;—<U3,V, >V,
g, =U,— <Ug,V, >V,—<U,,V, >V, —..— <U,,V, >V,

A 9
Vo =0, =7
o]

Coordinate Vector:

If  v=ce+ce+..+ge,

For a fixed basis (usually the standard basisktiet to 1 correspondence
between vectors and coordinate vectors.
Hence, a basis can be found ihaRd then translated back into the general vector

space.

Dimension:
Real Numbers dim(@")=n
Polynomials dim(P,)=n+ 1
Matricis dim(M ) = pxq

4.7

Form:

If you know the dimensions and you are checkirayset forms a basis of the
vector space, only Linear Independence or Spansrtedae checked.

COMPLEX VECTOR SPACES:

a, +ib,
Cn - a2 +ib2

a, +ib,

Dot Product:

UsV=UV, +U,V, +...4+U V.
Where:
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Usv=veu#veu
(U+tv)ew=uew+vew
suev=guev),sOC
ueu=0

ueu=0iff u=0
Inner Product:

Jul = Voot =yuf +u,f +.tfu,f

d(uv) =|u-]
Orthogonal ifuev=0
Parallel ifu=sv,sO0C

4.8 LINEAR TRANSITIONS & TRANSFORMATIONS:
Transition Matrix: From 1 vector space to another vector space

T(u) =T(qu, + CU, + CU; +...+ CU,)
T(u)=cT(w)+cT(u,)+cT(ug) +...+ ¢ T (uy,)
Nullity(T)+Rank(T)=Dim(V)=Columns(T)

Change of Basis Transition Matrix:
Ve =M "M v,
Vg = CggVg

For a general vector space with the standasshS = {Sl, S, ,...,Sn}
Mg :[(Vl X ||(Vn)3]
Mg :[(ul X ||(um)8]

Transformation Matrix: From 1 basis to another basis
V= spar({vl,vz,vg,...,vn})
B, ={vy, vy V3,V

U =spar({u,, Uy, Us,...U,})
B, ={u;, Uy, Uy, U}

A=[T0)as 1TW)gs 1 (T(V,))gs]
A= CB'B_lACB'B
4.9 INNER PRODUCTS:

Definition:  An extension of the dot product into a generatmespace.
Axioms:

1. <uyv>=<v,u>

2. <u,v+w>=<u,v>+<u,w>
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3. <kuv>=k<uyv>
<uu>=0
<uu>=0iff u=0

u

ul
Cavchy-Schuarz Inequality:
Inner Product Space:

Unit Vector: u=
<uv>’S<uu>x<VyV>

1

Ju=<uu>2=y<uu>

o =<uu>

2
<y x <uv> ] 1o 1< uv>_1
= (S b
0]} =01 u=0

[k =]l
Ju v =[ul + M

Angle between two vectors:
As defined by the inner product,

codd) = Suv>

[ulM

Orthogonal if:< u,v>=0

Distance between two vectors:
As defined by the inner product,

d(u,v) =[u-v|

Generalised Pythagoras for orthogonal vectors:

Ju+ i =[ul + M

4.10 PRIME NUMBERS:

1+ 3
N _{1 if Nisoddandprime

Determinate: A(N) = = e b ,
{Wﬂ 0 if Nisoddandcomposite

s
x| 2l

List of Prime Numbers:

2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71
73 79 83 89 97 101 103 107 109 113 127 131 137 139 149 151 157 163 167 178
179 181 191 193 197 199 211 223 227 229 233 239 241 251 257 263 269 271 277 281
283 293 307 311 313 317 331 337 347 349 353 359 367 373 379 383 389 397 401 409
419 421 431 433 439 443 449 457 461 463 467 479 487 491 499 503 509 521 523 541
547 557 563 569 571 577 587 593 599 601 607 613 617 619 631 641 643 647 653 659
661 673 677 683 691 701 709 719 727 733 739 743 751 757 761 769 773 787 797 809
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811 821 823 827 829 839 853 857 859 863 877 881 883 887 907 911 919 929 937 941
947 953 967 971 977 983 991 997 | 1009 | 1013 | 1019 | 1021 | 1031 | 1033 | 1039 | 1049 | 1051 | 1061 | 1063 | 1069
1087 | 1091 | 1093 | 1097 | 1103 | 1109 | 1117 | 1123 | 1129 | 1151 | 1153 | 1163 | 1171 | 1181 | 1187 | 1193 | 1201 | 1213 | 1217 | 1223
1229 | 1231 | 1237 | 1249 | 1259 | 1277 | 1279 | 1283 | 1289 | 1291 | 1297 | 1301 | 1303 | 1307 | 1319 | 1321 | 1327 | 1361 | 1367 | 1373
1381 | 1399 | 1409 | 1423 | 1427 | 1429 | 1433 | 1439 | 1447 | 1451 | 1453 | 1459 | 1471 | 1481 | 1483 | 1487 | 1489 | 1493 | 1499 | 1511
1523 | 1531 | 1543 | 1549 | 1553 | 1559 | 1567 | 1571 | 1579 | 1583 | 1597 | 1601 | 1607 | 1609 | 1613 | 1619 | 1621 | 1627 | 1637 | 1657
1663 | 1667 | 1669 | 1693 | 1697 | 1699 | 1709 | 1721 | 1723 | 1733 | 1741 | 1747 | 1753 | 1759 | 1777 | 1783 | 1787 | 1789 | 1801 | 1811
1823 | 1831 | 1847 | 1861 | 1867 | 1871 | 1873 | 1877 | 1879 | 1889 | 1901 | 1907 | 1913 | 1931 | 1933 | 1949 | 1951 | 1973 | 1979 | 19§87
1993 | 1997 | 1999 | 2003 | 2011 | 2017 | 2027 | 2029 | 2039 | 2053 | 2063 | 2069 | 2081 | 2083 | 2087 | 2089 | 2099 | 2111 | 2113 | 2129
2131 | 2137 | 2141 | 2143 | 2153 | 2161 | 2179 | 2203 | 2207 | 2213 | 2221 | 2237 | 2239 | 2243 | 2251 | 2267 | 2269 | 2273 | 2281 | 2287
2293 | 2297 | 2309 | 2311 | 2333 | 2339 | 2341 | 2347 | 2351 | 2357 | 2371 | 2377 | 2381 | 2383 | 2389 | 2393 | 2399 | 2411 | 2417 | 2423
2437 | 2441 | 2447 | 2459 | 2467 | 2473 | 2477 | 2503 | 2521 | 2531 | 2539 | 2543 | 2549 | 2551 | 2557 | 2579 | 2591 | 2593 | 2609 | 2617
2621 | 2633 | 2647 | 2657 | 2659 | 2663 | 2671 | 2677 | 2683 | 2687 | 2689 | 2693 | 2699 | 2707 | 2711 | 2713 | 2719 | 2729 | 2731 | 2741
2749 | 2753 | 2767 | 2777 | 2789 | 2791 | 2797 | 2801 | 2803 | 2819 | 2833 | 2837 | 2843 | 2851 | 2857 | 2861 | 2879 | 2887 | 2897 | 2903
2909 | 2917 | 2927 | 2939 | 2953 | 2957 | 2963 | 2969 | 2971 | 2999 | 3001 | 3011 | 3019 | 3023 | 3037 | 3041 | 3049 | 3061 | 3067 | 3079
3083 | 3089 | 3109 | 3119 | 3121 | 3137 | 3163 | 3167 | 3169 | 3181 | 3187 | 3191 | 3203 | 3209 | 3217 | 3221 | 3229 | 3251 | 3253 | 3257
3259 | 3271 | 3299 | 3301 | 3307 | 3313 | 3319 | 3323 | 3329 | 3331 | 3343 | 3347 | 3359 | 3361 | 3371 | 3373 | 3389 | 3391 | 3407 | 3413
3433 | 3449 | 3457 | 3461 | 3463 | 3467 | 3469 | 3491 | 3499 | 3511 | 3517 | 3527 | 3529 | 3533 | 3539 | 3541 | 3547 | 3557 | 3559 | 3571
Perfect Numbers: A perfect number is a positive integer that isada the sum of its
proper positive divisors, excluding the numberlitdéven perfect
numbers are of the fornf2(2°-1), where (2-1) is prime and by
extension p is also prime. It is unknown whetherd¢hare any odd
perfect numbers.
List of Perfect Numbers:
Rank p Perfect number Digits Year Discoverer
1 2 6 1 Known to the Greeks
2 3 28 2 Known to the Greeks
3 5 496 3 Known to the Greeks
4 7 8128 4 Known to the Greeks
First seen in the medieval manuscript,
5 13 33550336 8 1456 Codex Lat. Monac.
6 17 8589869056 10 1588 Cataldi
7 19 12 1588 Cataldi
8 31 19 1772 Euler
9 61 37 1883 Pervushin
10 89 54 1911 Powers
11 107 65 1914 Powers
12 127 77 1876 Lucas
13 521 314 1952 Robinson
14 607 366 1952 Robinson
15 1279 770 1952 Robinson
16 2203 1327 1952 Robinson
17 2281 1373 1952 Robinson
18 3217 1937 1957 Riesel
19 4253 2561 1961 Hurwitz
20 4423 2663 1961 Hurwitz
21 9689 5834 1963 Gillies
22 9941 5985 1963 Gillies
23 11213 6751 1963 Gillies
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24 19937 12003 1971 Tuckerman
25 21701 13066 1978 Noll & Nickel
26 23209 13973 1979 Noll
27 44497 26790 1979 Nelson & Slowinski
28 86243 51924 1982 Slowinski
29 110503 66530 1988 Colquitt & Welsh
30 132049 79502 1983 Slowinski
31 216091 130100 1985 Slowinski
32 756839 455663 1992 Slowinski & Gage
33 859433 517430 1994 Slowinski & Gage
34 1257787 757263 1996 Slowinski & Gage
35 1398269 841842 1996 Armengaud, Woltman, et al.
36 2976221 1791864 1997 Spence, Woltman, et al.
37 3021377 1819050 1998 Clarkson, Woltman, Kurowski, et al.
38 6972593 4197919 1999 Hajratwala, Woltman, Kurowski, et al.
39 13466917 8107892 2001 Cameron, Woltman, Kurowski, et al.
40 20996011 12640858 2003 Shafer, Woltman, Kurowski, et al.
41 24036583 14471465 2004 Findley, Woltman, Kurowski, et al.
42 25964951 15632458 2005 Nowak, Woltman, Kurowski, et al.
Cooper, Boone, Woltman, Kurowski, et
43 30402457 18304103 2005 al.
Cooper, Boone, Woltman, Kurowski, et
44 32582657 19616714 2006 al.
45 37156667 22370543 2008 Elvenich, Woltman, Kurowski, et al.
46 42643801 25674127 2009 Strindmo, Woltman, Kurowski, et al.
47 43112609 25956377 2008 Smith, Woltman, Kurowski, et al.

Amicable Numbers: Amicable numbers are two different numbers saadléhat the
sum of the proper divisors of each is equal tootier number.

List of Amicable Numbers:

Amicable Pairs Amicable Pairs Amicable Pairs

220 284 1,328,470 | 1,483,850 || 8,619,765 | 9,627,915
1,184 1,210 1,358,595 | 1,486,845 | 8,666,860 | 10,638,356
2,620 2,924 1,392,368 | 1,464,592 || 8,754,130 | 10,893,230
5,020 5,564 1,466,150 | 1,747,930 | 8,826,070 | 10,043,690
6,232 6,368 1,468,324 | 1,749,212 || 9,071,685 | 9,498,555
10,744 10,856 1,511,930 | 1,598,470 || 9,199,496 | 9,592,504
12,285 14,595 1,669,910 | 2,062,570 || 9,206,925 | 10,791,795
17,296 18,416 1,798,875 | 1,870,245 || 9,339,704 | 9,892,936
63,020 76,084 | 2,082,464 | 2,090,656 | 9,363,584 | 9,437,056
66,928 66,992 2,236,570 | 2,429,030 || 9,478,910 | 11,049,730
67,095 71,145 | 2,652,728 | 2,941,672 || 9,491,625 | 10,950,615
69,615 87,633 | 2,723,792 | 2,874,064 || 9,660,950 | 10,025,290
79,750 88,730 | 2,728,726 | 3,077,354 || 9,773,505 | 11,791,935
100,485 124,155 | 2,739,704 | 2,928,136 || 10,254,970 | 10,273,670
122,265 139,815 | 2,802,416 | 2,947,216 || 10,533,296 | 10,949,704
122,368 123,152 | 2,803,580 | 3,716,164 || 10,572,550 | 10,854,650
141,664 153,176 | 3,276,856 | 3,721,544 | 10,596,368 | 11,199,112
142,310 168,730 | 3,606,850 | 3,892,670 || 10,634,085 | 14,084,763
171,856 176,336 | 3,786,904 | 4,300,136 || 10,992,735 | 12,070,305
176,272 180,848 | 3,805,264 | 4,006,736 | 11,173,460 | 13,212,076
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185,368 203,432 | 4,238,984 | 4,314,616 || 11,252,648 | 12,101,272
196,724 202,444 | 4,246,130 | 4,488,910 || 11,498,355 | 12,024,045
280,540 365,084 | 4,259,750 | 4,445,050 || 11,545,616 | 12,247,504
308,620 389,924 | 4,482,765 | 5,120,595 || 11,693,290 | 12,361,622
319,550 430,402 | 4,532,710 | 6,135,962 || 11,905,504 | 13,337,336
356,408 399,592 | 4,604,776 | 5,162,744 || 12,397,552 | 13,136,528
437,456 455,344 [ 5,123,090 | 5,504,110 || 12,707,704 | 14,236,136
469,028 486,178 | 5,147,032 | 5,843,048 || 13,671,735 | 15,877,065
503,056 514,736 | 5,232,010 | 5,799,542 | 13,813,150 | 14,310,050
522,405 525,915 | 5,357,625 | 5,684,679 | 13,921,528 | 13,985,672
600,392 669,688 | 5,385,310 | 5,812,130 || 14,311,688 | 14,718,712
609,928 686,072 | 5,459,176 | 5,495,264 | 14,426,230 | 18,087,818
624,184 691,256 | 5,726,072 | 6,369,928 || 14,443,730 | 15,882,670
635,624 712,216 | 5,730,615 | 6,088,905 || 14,654,150 | 16,817,050
643,336 652,664 | 5,864,660 | 7,489,324 || 15,002,464 | 15,334,304
667,964 783,556 | 6,329,416 | 6,371,384 || 15,363,832 | 16,517,768
726,104 796,696 | 6,377,175 | 6,680,025 || 15,938,055 | 17,308,665
802,725 863,835 | 6,955,216 | 7,418,864 | 16,137,628 | 16,150,628
879,712 901,424 | 6,993,610 | 7,158,710 || 16,871,582 | 19,325,698
898,216 980,984 | 7,275,532 | 7,471,508 || 17,041,010 | 19,150,222
947,835 | 1,125,765 || 7,288,930 | 8,221,598 || 17,257,695 | 17,578,785
998,104 | 1,043,096 || 7,489,112 | 7,674,088 || 17,754,165 | 19,985,355
1,077,890 | 1,099,390 || 7,577,350 | 8,493,050 || 17,844,255 | 19,895,265
1,154,450 | 1,189,150 (| 7,677,248 | 7,684,672 || 17,908,064 | 18,017,056
1,156,870 | 1,292,570 || 7,800,544 | 7,916,696 | 18,056,312 | 18,166,888
1,175,265 | 1,438,983 || 7,850,512 | 8,052,488 || 18,194,715 | 22,240,485
1,185,376 | 1,286,744 | 8,262,136 | 8,369,864 | 18,655,744 | 19,154,336
1,280,565 | 1,340,235

Sociable Numbers: Sociable numbers are generalisations of amicabigers where a
sequence of numbers each of whose numbers is thefsihe
factors of the preceding number, excluding the gulieéty number
itself. The sequence must be cyclic, eventuallyrreng to its

starting point

List of Sociable Numbers:

C4s

1264460

1547860

1727636

1305184

2115324

3317740

3649556

2797612

2784580

3265940

3707572
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3370604

4938136

5753864

5504056

5423384

7169104

7538660

8292568

7520432

C5 Poulet 1918 5D

12496

2M*11*71

14288

2M4*19*47

15472

2M4*967

14536

27\3*23*79

14264

2"3*1783

C6 Moews&Moews 1992 11D

21548919483

3N5*7N2*13*19*17*431

23625285957

3NG*7N2*13*19*29*277

24825443643

3N2*772*13*19*11*2071p

26762383557

3N4*7N2*13*19*27299

25958284443

3N2*¥7N2*13*19*167*142)

23816997477

3N2*772*13*19*218651

C6 Moews&Moews 1995 11D/12D

90632826380

2/2*5*109*431*96461

101889891700

2/N2*512*31*193*170299

127527369100

2/2*5"2*31*181*22728]

159713440756

272*31*991*1299709

129092518924

272*31*109*9551089

106246338676

2/2*17*25411*61487

C6 Needham 2006 13D

1771417411016

273*11*20129743307

1851936384424

2"3*7*1637*20201767

2118923133656

2"\3*7*863*43844627

2426887897384

2"3*59*5141711647

2200652585814

2"3*43*1433*4464233

2024477041144

273*253059630143

C6 Needham 2006 13D

3524434872397

27"3*7*17*719*5149009

4483305479608

2"3*89*6296777359

4017343956397

2/3*13*17*3019*75265]

4574630214809

2"3*607*6779*138967

4018261509992

273*31*59*274621481

3890837171608

2"3*61*22039*361769
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C6 Needham 2006 13D

4773123705616

2M*7*347*122816069

5826394399664

274*101*3605442079

5574013457296

2M*53*677*1483*6547

5454772780208

2M4*53*239*2971*9059

5363145542997

2"4*307*353*3093047

5091331952624

2"4*318208247039

C8 Flammenkamp

1990 Brodie ? 10D

1095447416

2"3*7*313*62497

1259477224

2"3*43*3661271

1156962296

2"3*7*311*66431

1330251784

2"3*43*3867011

1221976136

2"3*41*1399*2663

1127671864

2"3*11*61*83*2531

1245926216

2"3*19*8196883

1213138984

2"3*67*2263319

C8 Flammenkamp

1990 Brodie ? 10D

1276254780

2/2*3*5*1973*10781

2299401444

2/2*3*991*193357

3071310364

2/2*767827591

2303482780

2M2*5*67*211*8147

2629903076

2/2*23*131*218213

2209210588

2/2*13M2*17*192239

2223459332

2/2*131*4243243

1697298124

2/2*907*467833

C9 Flammenkamp 1990 9D/10D

805984760

2/3*5*7*1579*1823

1268997640

2/3*5*17*61*30593

1803863720

2"3*5*103*367*1193

2308845400

2/\3*572*11544227

3059220620

2/2*5*2347*65173

3367978564

2/2*841994641

2525983930

2*5*17*367*40487

2301481286

2*13*19*4658869

1611969514

2*805984757

C28 Poulet

1918 5D/6D

14316

272*3*1193

19116

2/2*374*59

31704

2"3*3*1321

47616

279*3*31

83328

277*3*7*31

177792

2"7*3*463

295488

276*375*19

629072

2"4*39317

589786

2*294893

294896

2M4*7*2633
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358336| 276*11*509

418904| 2"3*52363

366556| 272*91639

274924| 272*13*17*311

275444 | 272*13*5297

243760| 27M4*5*11*277

376736] 275*61*193

381028 272*95257

285778| 2*43*3323

152990| 2*5*15299

122410| 2*5*12241

97946| 2*48973

48976| 2"4*3061

45946 | 2*22973

22976| 276*359

22744 | 273*2843

19916| 272*13*383

17716| 272*43*103

This list is exhaustive for known social numberseveh
C>4

4.11 GOLDEN RATIO & FIBONACCI SEQUENCE:

Relationship:
a+b a
a b7
a+b b 1
=14+-=1+—,
i} a (@
1 =4
oo +T\/5 — 16180339887 . . .
n+l _ n o on—1
¥ =@ + .

Infinite Series:

13 & (“1)™(2n+ 1)
== : T

8 oo (n42)nldln
Continued Fractions:

p=[1111..]=1+

1+

1+ ——

14
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1= (0:1,1,1,...] =0+
1+
14

L+
Trigonometric Expressions:
=1+ 2sin(r/10) =1 + 2sin 18°

1
csc(n/10) = 5 os¢ 18°

os(m/5) = 2cos 36°
¢ = 2sin(37/10) = 2sin 54°.

Fibonacci Sequence:

A ) M A O

772
= 2¢

'Eu

5 5
1+45) (1-45Y
o357 {5
Fn+1)
lim =

e F(n) v
ZIF Jp— F(n+1) = p.

' Fin+a)
oo F(n) 7

4.12 FERMAT’'S LAST THEOREM:

a" +b" #c" forintegersa,b& c andn>2

Proposed by Fermat in 1637 and proved by AndreveS\il 1994. The proof is too long
to be written here. Sehttp://www.cs.berkeley.edu/~anindya/fermat. pdf
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PART 5: COUNTING TECHNIQUES & PROBABILITY

51 2D
Triangle Number T = n(n2+1)
n2 :Tn +Tn—1
Square Number T, =n?
Pentagonal Number T = ”(32‘1)
52 3D
3 2
Tetrahedral Number T, :wﬂ‘
3 2
Square Pyramid Number T = &6””‘
5.3 PERMUTATIONS
Permutations: =nl
i i n!
Permutations (with repeats): =
( Peats (groupAix(groupB)x...
5.4 COMBINATIONS
I
Ordered Combinations: -__m
(n-p)
. . n n!
Unordered Combinations: :( j:
p) p(n-p)
Ordered Repeated Combinations:=n”
-1)
Unordered Repeated Combinations:= M
pix(n-1)
Grouping: _(rynonynenen) o
| LV n, ) nininl.n!

55 MISCELLANEOUS:
Total Number of Rectangles and Squares from a a x tectangle:

Z:Ta XTb

Number of Interpreters: =T,
Max number of pizza pieces: = @ +1
Max pieces of a crescent: = @ +1
3
+
Max pieces of cheese: _C*e +1

6
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1(31 +1)
2
Different arrangement of dominos: = 2™ x

Cards in a card house: =

a- MOD[b}
a_ 1 a

Unit Fractions: B = b +
INT[} +1 b(INT[b} +1j
a a

Angle between two hands of a clock# = 55m~-30h

Winning Lines in Noughts and Crosses:™ 2a+1)

Bad Restaurant Spread: =P

1-5s

_1[(1+4B) _(1-4B)
Fibonacci Sequence= \/g[( 2 j_[TJJ

ABBREVIATIONS (5.1, 5.2, 5.3, 5.4, 5.5)
a=side ‘a’

b=side ‘b’

c=cuts

d=double dominos

h=hours

L=Languages

|=layers

m=minutes

n=ri" term

n=n number
P=Premium/Starting Quantity
p=number you pick
r=number of roles/turns
s=spread factor

T=Term

0=the angle

5.6 FACTORIAL:

Definition: n=nx(n-1)x(n-2)x...x2x1
Table of Factorials:
0! | 1 (by definition)
1 |1 11! | 39916800
21 |2 12! | 479001600
31 |6 13! | 6227020800
41 | 24 14! | 87178291200
5! | 120 15! | 1307674368000
6! | 720 16! | 20922789888000
7! | 5040 17! | 355687428096000
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8! | 40320 18! | 6402373705728000
9! | 362880 19! | 121645100408832000
10! | 3628800 20! | 2432902008176640000
1
. . n+= B cy -
Approximation: n=+y2mrxn 2xe" (within 1% for n>10)

5.7 THE DAY OF THE WEEK:
This only works after 1753

weor ey 3+ 3] o) k)

12 4| [100] | 400

d=day

m=month

y=year

SQUARE BRAKETS MEAN INTEGER DIVISION

INT=Keep the integer
MOD=Keep the remainder

5.8 BASIC PROBABILITY:

> P=1

5.9 VENN DIAGRAMS:

Complementary Events: 1-P(p) = P(a)
Totality: P(A) = Zm: P(A|B)P(B)
P(A) = I;(An B) + P(An B)
Conditional Probability: P(A|B) = P(ﬁ‘ ;)B)
P(An B)=P(B)P(A|B)
Union : P(AO B)=P(A)+P(B)-P(An B)
Independent Events: P(An B)=P(A)P(B)
P(AD B) = P(A) + P(B)- P(A)P(B)
P(B|A)=P(B)
Mutually Exclusive: P(AnB)=0
P(An B)=P(A)
P(AOB)=P(A)+P(B)
P(AOB)=P(B)

Baye’s Theorem:
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P(A[B)P(B) _ P(A[B)P(B)

P(B|A) =
P(A) P(A|B)P(B)+P(A|B)P(B")
Event's Space: P(A) =) P(AnB)
i=1
5.11 BASIC STATISTICAL OPERATIONS:
Variance: v=g?
2%
Mean: H==—
nS
Standardized Score: z= X TH
o

Confidence Interval:

5.12 DISCRETE RANDOM VARIABLES:

_ 2 (Xi _;()2

n

S

Standard Deviation: o

Expected Value:
E[X]= 2 P(%)*X
1
E[aX +b]=aE X]+b

Variance:

V=

¥ (x -xf
nS
v=(E[x-Ex]P
v=E[x] - (E[M)
var[aX +b] =a®var[X]
Probability Mass Function: P(x) = f(x) = P(X =x)
Cumulative Distribution Function: F(x) =P(X < X)

5.13 COMMON DRVs:

Bernoulli Trial:

Definition: 1 trial, 1 probability that is eithéail or success
Outcomes: s, ={o1}
x=1

Probability: P (X) = P

1-p x=0
Expected Value: E[X]=p
Variance: Var[X]=p-p°= p(l— p)
Binomial Trial:
Definition: Repeated Bernoulli Trials
Outcomes: Sy :{ 0,],2,3...n}
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Probability:

Expected Value:

Variance:

n=number to choose from
p=probability of x occurring
x=number of favorable results

Geometric Trial:
Definition:
Outcomes:

Probability:

Negative Binomial Trial:
Definition:

Probability:

2. (0=[ o) -

E[X]=np
Var[ X] = np(l— p)

Number of Bernoulli Trials to get'Buccess.

s, ={ 0123..}
P ()= p(1- p)”*

Number to 1 get to n success.

R (0=} e

5.14 CONTINUOUS RANDOM VARIABLES:
Probability Density Function: = f(x)

If j f(Xdx=1& f(x)=0for—co<x<o

X

Cumulative Distribution Function: = F(X) = P(X < X) = I f (x)dx

— 00

b
Interval Probability: P(a<s X<b)=F(b)-F(a) =J' f(Xdx

Expected Value: E(x) = _[xx f(Xdx

E(909) = [ 9(x (X

Variance: Var(X) = E(X?) - (E(X))?

5.15 COMMON CRVs:
Uniform Distribution:
Declaration:

X ~Uniform(a,b)

asx<b

PDF: f(X)=<p-a

0 otherwise
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f(x) A

1/(b-a)
a b X
Ny 0 X< a
X
: F(x)=| f(x)dx = as<x<b
COF: (x) J (%) —
1 X>b
1 -
a b X
a+b
Expected Value: = >
. _(b-a)
Variance: =
12

Exponential Distribution:

Declaration: X ~ Exponenti&(A)
0 x<O
PDF: f(x) =
9 {)Ie‘”X x=0
f(x)
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p 0 x<0
CDF: F(x)=j f(x)dx={1_e_M 50

Expected Value: =—

1
]
1

Variance: >

h

Normal Distribution:
Declaration: X ~ Normal(u, o)

X —
Standardized Z Score; Z = H

PDF: F(x)=— e%l(x‘_’ﬂj Sl

1
(1K -] Eo— -

[+ i f ST e . S _I S Nk i AL s e
P DU UURUUNUS SSUUITS UNOUPNOE ST LTS SRS S
[ .| ;

[ — : ik :.. : A——
03_ iy b I.. PRI

02t

[1 1 [ e L e : - el N =

0 : i i i i i : .
=4 =3 =2 = | a 1 2 F 4

CDF: CD(Z) (The integration is provided within statistic tas)
Expected Value:= U

Variance: o?

5.16 MULTIVARIABLE DISCRETE:

Probability:

P(X=xY=y)=f(xy)

P(X< xY<y)=> f(xy)over all values of x & y
Marginal Distribution:

f(x)=>" f(x.y)
f,(y)=> f(xy)

Expected Value:

E[X]= 3 f, (X)

Y] =ny>< fy ()

E[X,Y] y=ZZxxyx fuy (X Y)
Independence: ) = £,00% 1, ()
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Covariance:

Cov=E[X,Y]-E[X]*E[Y]

5.17 MULTIVARIABLE CONTINUOUS:

Probability:

Marginal Distribution:

Expected Value:

Independence:
Covariance:

Correlation Coefficient:

ABBREVIATIONS

o = Standard Deviation

L= mean

ns = number of scores

P(X < xY <) = | [ 10xy)ixay

—00—00

PY<y)=P(-o <X <wY<y)= f fy (y)dy

b
f. (%) =j f(x y)ydywhere a & b are bounds of y

a

b
f, (y) =j f(x y)dx where a & b are bounds of x

E[X]=Txx f. (Xdx

—00

E[Y]= [yx f,()dy

E[X,Y]= [ [xxyx fy (xy)dxdy

—00—00

f(xy)=f () xf,(y)
Cov= E[X,Y]-E[X]xE[Y]
_ Cou X,Y)

Pxy
Y 040y

p = probability of favourable result

V = variance

X; = Individual x score
mean of the x scores

X

z = Standardized Score
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PART 6: FINANCIAL

6.1 GENERAL FORMUALS:

Profit: p=s-c
Profit margin: m= Py 100
C
Simple Interest: = P(L+tr)
Compound Interest: =P(1+r)
Continuous Interest: = P¢"

ABBREVIATIONS (6.1):
c=cost

I=interest

m=profit margin (%)
p=profit

P=premium

r=rate

s=sale price

t=time

6.2 MACROECONOMICS:

GDP: y=AE=AD=C+ |+ G + NX
y = Summation of all product quantities multgaliby cost
RGDP: RGDP = Summation of all product quantities muiégdlby base year cost
NGDP: NGDP = Summation of all product quantities muléglby current year cost
RGDR - RGDR
Growth: Growth= CURRENT BASEX100
RGDF%ASE
Net Exports: NX=X-M
Working Age Population: WAP = Labor Force + Not in Labor Force
Labor Force: LF = Employed + Unemployed
Unemployment: UE = Frictional + Structural + Cyclical
Natural Unemployment:  NUE = Frictional + Structural
UE
Unemployment Rate: AUE% = EXlOO
E

Employment Rate: AE% = F x100

D LF UE+E
Participation Rate: AP% = x100= x100

WAF WAF
CPI: CPI = Indexed Average Price of all Goods and 8esv
i ; CPlourrent = CPlgase
Inflation Rate: Inflation Rate = x100
C:I:)lBASE

ABBREVIATIONS (6.2)
AD=Aggregate Demand
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AE=Aggregate Expenditure
C=Consumption
CPI=Consumer Price Index
E=Employed

G=Government

I=Investment

LF=Labor Force

M=Imports

NGDP=Nominal GDP
NUE=Natural Unemployment
NX=Net Export
P=Participation

RGDP=Real GDP (Price is adjusted to base year)
UE=Unemployed
WAP=Working Age Population
X=Exports

Y=GDP
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PART 7: PI

7.1 AREA:
2
Circle: A:nr2:7lj _cd
4 4
Cyclic Quadrilateral: J(s—a)(s-b)(s-c)(s-d)
Area of a sector (degrees) A= Q x7r?
36C

Area of a sector (radians) A= % r?é

r’( Q .
Area of a segment (degreesh = —| —— x7—sin
gment (degreesh 2(180 Qj

W 2
Area of an annulus: A= /7(r22 - rf): ,{Ej

Ellipse : A=§Iw= mr,

7.2 VOLUME:
Cylinder: V =7*h
Sphere: \Y; =%7‘[3

Cap of a Sphere:V :%nh(?ﬁl2 + h2)

Cone: \Y; :%nzh

Ice-cream & Cone: V :%nz(h +2r)

Doughnut: V= 277°r,r,% = %(b +a)(b-a)’

2

Sausage: V= duld [I —V—VJ
4 3

Ellipsoid: \ =gfr1r2r3

7.3 SURFACE AREA:

Sphere: SA=4rr*

Hemisphere: SA=3mr?

Doughnut:  SA= 47,1, = 1%(b? - a?)
Sausage: SA= 7wl

Cone: SA:n(r+\/r2+h2)
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7.4  MISELANIOUS:

Length of arc (degrees) I =&x =£x T
36C 18C
Length of chord (degrees) | =2r xsm[ j 2r?

1+ 3(r1 B r.2 )2

: _ (r,+r,)
Perimeter of an ellipse P=nr +r, 1772

2
10+ 4_3(r1 _r2)

(r+r,)

76 Pl
71=3.14159268589793238626433832950288...
C
T=—
d
o0 2
John Wallis: 22,880,088, =
2 1 3 355 7 709 4 4n” -1
) 7 1 1 1 1x3 1 1x3x6 1
Isaac Newton: —=—+= + + +
2 2\3x2%) 2x4\5x2°) 2x4x6\7x2’

6
Tl 1.1 1,1 1,1 1
- - Ty -4

4 35 7 9 11 13 15"
7 1 1 1 1
R T e S
6
71

I
[

James Gregory:

Leonard Euler: g ? ? F
_35711131719 232931

47448121216 20 24 28 32"
where the numerators are the odd primes; each devator is the
multiple of four nearest to the numerator.

. 111111111111
T=l+ =+ -+ -+ o+ -+ -+ -+ —+ ———+

2 3 45 6 7 8 9 1C 11 12 13
If the denominator is a prime of the form 4m -hk $ign is positive; if
the denominator is 2 or a prime of the form 4m thg, sign is
negative; for composite numbers, the sign is eth@product of the
signs of its factors.
1
| 4n (( 1+i )U
Jozef Hoene-Wronski: 1= [im

n- o I

o)

Qx “2+\/§x 2+N2-'-\/Ex
2

2 2

) . 2
Franciscus Vieta: —=
7l

Integrals:
i 9]

/ sech(z)dr = w
_'gli.

f\fl —x?dx :%
~1
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&

Il
=)

&‘?
B
b3

,_
+
B
o]
I
=]

=]

o
=t
—_
o
—,
e
b ]
-

M
=9
]
I
=

1 x)t 22
Trm k=T

DH""’é (""‘"--.gclﬂ “"""--.Sé """"ﬁ&'lf'"""“"
™
|
=y
I
N

Infinite Series:

! < Fg? 0
§ 2£+1)H_ —~(2k+1)! 2
122 (—1)*(6k)!(13591409 + 545140134k) _ 1
(3k)1(K!)3640320%%+3/2 T
27 (4%)1{1103 4 26390k) 1
98[]1 E (k1)13964 B
= ((4K))2(6K)! 127169 1070 131 2 B
6° Egm (12Kk)1(2k)! (12;:.+1 T2k +5 12647 12;:+11) -7
4 2 1 1y
Eﬂ 16 (8k+ 1 8k+4 B8k+5 8.('.+6) N
ii(—l)"(_ 2 S S S S S J:”
2° & 21°"k 4n+1l 4n+3 10n+1 10n+3 10n+5 10n+7 10n+9

See also: Zeta Function withitart 17
Continued Fractions: 2
3‘2
52
?2

T=3+

6 +
6 +
6 +

6+ -
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7.7 CIRCLE GEOMETRY:

. . . . a’ +b?
Radius of Circumscribed Circle for Rectangles: r =

N ﬁ

Radius of Circumscribed Circle for Squares: r

Radius of Circumscribed Circle for Triangles: r = oo A
sin
Radius of Circumscribed Circle for Quadrilaterals:

_1_ [(ab+cd)(ac+bd)(ad + bc)
r=—x

4 \ (s-a)(s-b)(s—c)(s-d)
Radius of Inscribed Circle for Squares: r =%
Radius of Inscribed Circle for Triangles: r :é
Radius of Circumscribed Circle: r= a

. (1 oj
2sin
n

Radius of Inscribed Circle: r= a

2tar(180j
n
7.8 ABBREVIATIONS (7.1,7.2,7.3,7.4,7.5, 7.6,7):
A=Angle ‘A’

A=Area
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a=side ‘a’

B=Angle ‘B’

b=side ‘b’

B=Angle ‘B’

c=side ‘c’
C=circumference
d=diameter

d=side ‘d’

h=shortest length from the center to the chord
r=radius

r=radius 1 ¢ <r,)
r=radius 2 , <r,)
rs=radius 3

|=length

n=number of sides
P=perimeter

Q=central angle
s=semi-perimeter
w=width

w=length of chord fromyr

7.9 CRESCENT GEOMETRY:
Area of a lunar crescent: A= %md

Area of an eclipse crescent:

_1(w2+lz—b2] . _1(w2+lz—b2]
2mcos | ——— SInNZ COS™ | —
I 2wl . 2wl

A=w| T
360 2
2 12 _ |2 2 12 _ |2
ZH(COS_l(W-'_lebj] sinZ(cos'l(WJrzllbj]
W W
-b? - +
360 2

7.10 ABBREVIATIONS (7.9):

A=Area

b=radius of black circle

c=width of the crescent

d=diameter

|=distance between the centres of the circles
w=radius of white circle
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PART 8: PHYSICS

8.1 MOVEMENT:

Stopping distance: g=_Y
—-2a
V2
Centripetal acceleration: a=—
r
Centripetal force: F.= ma:ﬂ
r
Dropping time : t= /Z_h
g
Force: F-__Ma ~
2\2
c
o 1
Kinetic Energy: E, :Emvz
- , (using)?
Maximum height of a cannon: h=+——
g
Pendulum swing time: t= 2;1\/I
g
Potential Energy: E, =mgh
Range of a cannon: s=t(ucosh) = 2using (ucosh)
g
Time in flight of a cannon: t= 2usin@
g
Universal Gravitation: F=G mlrznz

r

ABBREVIATIONS (8.1):

a=acceleration (negative if retarding)
c=speed of light§x10°ms™)
E=Kinetic Energy

E,=potential energy

F=force

g=gravitational acceleratior9.81 on Earth)
G=gravitational constant $67x10™
h=height

|=length of a pendulum

m=mass

m;=mass 1

my,=mass 2
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r=radius

r=distance between two points
s=distance

t=time

u=initial speed

v=final speed

0=the angle

8.2 CLASSICAL MECHANICS:

Newton’s Laws:

First law: If an object experiences no net forbentits velocity is constant; the object is eitherest (if its
velocity is zero), or it moves in a straight linélwconstant speed (if its velocity is nonzero).

d
Y F=0= d—::{].

Second law: The acceleration a of a body is paralid directly proportional to the net force F agtion
the body, is in the direction of the net force, aéhversely proportional to the mass m of theypock.,
F=ma.

dp d(mv)

F=9="&
J = F di.
O N
J = Ap = mAv.
P dm B dv
+u dt m dt
F = ma.

Third law: When two bodies interact by exertingc®mon each other, these forces (termed the actidn a
the reaction) are equal in magnitude, but oppasitirection.

Z Fu.b = - Z FE:.H

Inertia:
p = mut
p=p+pe

= Nt + Mais.

Ap = FAt.
ta

Ap= [ F(t.
t

dps " dps

i~ dt’

d

— -+ e | = U
o P14 p2)
Mty + Mallp = M + Mot

i 2 2

- 5
%?THHI + %mgua = 5??11111 + %?113132 .
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v

Uz
Pz

Py
p:

(M —ma
e (m. +mg) u1+(

Mz — My
=|—|u
my + meo

= mu,
= muv,
= mu..

Moments of Inertia:

L= 1,
i

2ms

my + Mo

( 2??‘11
i my + mo

Li = Iom + Md’
I, < I; + I
Description Diagram Formulae
Two point massesvl
andm, with reduced 2
masstand separated I =mr
by a distancex.
Rod of lengthL and
massm _ Mm 2 = pa?
(Axis of rotation at the| T I
end of the rod) M+m
A
T
Rod of lengthL and ml?
massm fen 4=
3
2
Thin circular hoop of - mlL
radiusr and mass Ioentcr - 12
H 5
o I. =mr"
Thin circular hoop of mrg
radiusr and mass S — L =1 =
L i = T 9
s -
o™ e
Thin, solid disk of T T
radiusr and massn = mr?
§ S — -
P ’ L=1hL=
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Thin cylindrical shell I = mr®
with open ends, of
radiusr and mass
i mir?
Solid cylinder of \““-———|———~”/ f—, = 9
radiusr, heighth and '
massm : 2 2
I s =t I,=1I,=—=m (31' + & )
_,i,/' 12
M -
FA
A L:lm(r?—kr?)
A | > =79 1 2
Thick-walled : : : 1 5 5 )
cylindrical tube with Lo I, = fy = —m [3 (?'E + 7 ) +h ]
open ends, of inner PR 12
radiusry, outer radius h : ! or when defining the normalized thickness t/r and letting
r,, lengthh and massn N r=ry i
> 2 2
: : [. =mr (1 — Iy + =ty )
then 2
Sphere (hollow) of '2??1?‘2
radiusr and mass I = 3
Ball (solid) of radius 2mr?
and massn I = 3
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Right circular cone
with radiusr, heighth
and massn

fr

L = |

3

I. = Tk
3 2
Ir:Iy = E?H (I-{—hg

Torus of tube radiua,
cross-sectional radiug
b and mass.

1 2 2

Aboutadiameterg (4{1 + 5b ) m
3

—bz) m

2
About the vertical axis® 4

Ellipsoid (solid) of
semiaxes, b, andc
with axis of rotatiora
and massn

Thin rectangular plate
of heighth and of
width w and massn
(Axis of rotation at the
end of the plate)

Thin rectangular plate
of heighth and of
width w and massn

Solid cuboid of height
h, widthw, and depth
d, and mass

P m(b® + )
“ 5%
;o mh®  muw?
c =3 T
;o m(h? + w?)
‘ 12
A
n T T
1 2 2
Iw:ﬁm(h +d’)
1 .
Iy = Em (h? + wz)
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Solid cuboid of height

D, width W, and length

L, and massnwith the

longest diagonal as th
axis.

¢

m (W2D? + L[2D? + [2W?)
G {LE + I_;I.:‘Q + D'.!}

Plane polygon with
verticespl, PE, PS,
P Aand

massitiuniformly

distributed on its
interior, rotating about|
an axis perpendicularn
to the plane and
passing through the
origin.

==

Z ||Pn+1 X Pn”{( n+l "

n=1

n+1) + {—'E;n.+1 : !':;”J + (ﬁn N —ﬁn))

6

-1 —
Z ||Pn+1 X P,,H
n=1

Infinite disk with mass|
normally distributed
on two axes around the

axis of rotation

(i.e.
ple,y) = sz €|
Where :P{-r* y)is

the mass-density as a
function of x and y).

<

I =m(a’ +b°)

Velocity and Speed:

AP
Vave = o
& AP dP
VA Ar T TP T B e aek
ds
V| =|P| =

f)_/Adt At + V.

2

v + r* + t‘
Acceleration:
-\
AVE At
AV  dV : .- N -
AT A A T TV TR TR Ak

Trajectory (Displacement):
t

P(f.}zf V(t}dtz/{At+Vu)dt=%At2+Vgt+PE.
0
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V +V,

Pm=m+( Vo)
(P—Py)- At = (V — V) - V—;Vﬂt |
Kinetic Energy: '
E, = %mv"’
P2
Bv=on i
EL.:/F dx:fv-d(?nv}:/d(m; ) = m;
MV?
Ey=E; +

vidm (rw)?dm  w? [ , w?

Centripetal Force:

F =ma.= ﬂ
F :mﬂfl'i.i ?
F = mr =y
Circular Moti%n: | |
™ v
W =2nf = =l

— ﬂ—? —_—

[ Tt iy
= 2?1'—. = wt
T

v?
a = T
dw  d*f
= —— = —
dt dt? or
i
= —
T,
_r
o = 7
Angular Momentum:
L=]w.
L=rxmv,
=TrXxXp
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Torque
dL  dr dp
T—E.—gxl]-i—rxa—U—}-le—l x F
7 = rF sin _
dL  d(fw)  dw I
Tot TOq T T dr dt O
|7| = (moment arm)(force).
Work:

2
11':[ - do.
o i1

Laws of Conservationj
il
— (P -H’Jz) = {.

Momentum: dt

Energy: Z En = Z Eour

e Y Fuer =0= LR = X Fou TF = Lo, Xom=Taom

ABBREVIATIONS (8.2)
a=acceleration
Ex=Kinetic Energy
E,=rotational kinetic energy
F=force

I=mass moment of inertia
J=impulse

L=angular momentum
m=mass

P=path

p=momentum

t=time

v=velocity

W=work

1=torque

8.3 RELATIVISTIC EQUATIONS:
Kinetic Energy:

2
mc*
E, = S
v1- (v/c)?
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Momentum:

mu
p =
.Ufl — (v/c)?
Time Dilation:
At
At =
1 —wv?/c?
Length Contraction:
2
L= L(} - 1- =
c
Relativistic Mass:
2
= e
4
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PART 9: TRIGONOMETRY

9.1 CONVERSIONS:

IDegreed] 30° | 60° || 120° | 150° || 210° || 240° || 300° | 330° |
_ ™ ™ 2T o T 4qr o 117
Radians| —= = — — — — — —
6 3 3 6 6 3 3 6
Grads 334 667 1334 1664 2334 266/ 3334 3664
grad | grad grad grad grad grad grad grad
| |
[Degree| 45° | 90° || 135° | 180° | 225° | 270° | 315° | 360° |
Radiang T [ 3T o 3 T 5
4 | 2 4 i 4 2 4 "
Grads || 50 grad ;g% 150 grag| 200 grag| 250 grag| 300 grag| 350 grag 400 grad

9.2 BASIC RULES:

tang = sind
cosl
Sin Rule: _a _ .b _ .c or smA: sinB _ sinC
sinA sinB sinC a b C
b2 + C2 - 8.2 2 2 2
Cos Rule: cosA:Tor a® =b“ +c” —2bccosA
C
Tan Rule:

tan A= a—h

2

tan% a+b

A—C

tan —— fi—2cC

2

tan2t¢ a4+ ¢

]

tan 2=¢ b—r¢

tan B2 b4 ¢

Auxiliary Angle:

asinz * beosz = Rsin (z £ a),

b
where 7% = a® + §* , tanom = —
a

Pythagoras Theorem: a’+b?=c?
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9.3

9.4

Pythagorean ldentity:

9.5

RECIPROCAL FUNCTIONS

se@ = L
cosd

cscl :_i
sin@

coté = i = ﬁ
tard siné

BASIC IDENTITES:

cos’ f +sin’f =1

sin(—#) = —sin 6
cos(—0) = +cosd
tan(—¢) = —tand
cse(—f) = —escf
sec(—#) = +secf
cot(—0) = —cotd
sin(§ — #) = + cosd
cos(5 — f) = +sind
tan(3 — #) = 4 cotd
csc(3 — 0) = 4 secd
sec(y — @) = + csct
cot(f — @) =+ tan#
sin(m — @) = +sin @
cos(m — ) = — cost
tan(m —6) = — tan#
cse(m — ) = +escd
sec(m —f) = —sec
cot(m —0) = — cotf
IDENTITIES (SIN®):
o sinf
o V1 —cos?d
tant

4
e V1+tan?h

1

+

. sect

e CSC
w’lsecz g —1
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1
4
e V1+cot?d
9.6 IDENTITIES (COS®):
+1/1 — sin’#
o cosfl
N 1
« V14 tan®d
vesel -1

. cscf

1

. secf
cot f

. V1+cot?d

9.7 IDENTITIES (TAN @):

H_

H_

sin

. V1 —sinZ@
v1—cos?f

. cost

H_

e coth
9.8 IDENTITIES (CSCO):

‘ H

e sinf

. sectf —1
. 1+ cot?d

9.9 IDENTITIES (COT ©):
n V1 —sin’6

. sin #
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cosf!

e —
. 1\;“1 — cos?
. tanf
o 1V csczlﬁ' —1
o e —
. sectf —1
. cotf
9.10 ADDITION FORMULAE:
Sine: sin(a £+ 3) =sina cos 3 + cosasin 3
Cosine: cos(a + 3) = cosexcos 3 F sinarsin 3
t + tan |
tan(ar & 3) = an o an_jf
Tangent: l Ftana tan 3
Arcsine:

arcsin o + aresin 3 = arcsin(ay/1 — 32 £+ Gv1 — a?)
Arccosine:
arccos & arccos 3 = arccos(af F /(1 — a?)(1— 32))

ny
arctan o + arctan 3 = arctan a J
Arctangent: 1¥ap
9.11 DOUBLE ANGLE FORMULAE:
Sine:
sin 260 = 2sin # cosf
_ 2tanf
1+ tan?6
Generally,
sin(nx) = Zn:(mcoé‘ (x)sin™™* (x)sin(% (n- k)nj
k=0
Cosine:
cos20 = cos’ § — sin’ @
= 2cosc 0 — 1
=1—2sin?4
_1—tan*d
1+ tan®#
Generally,
cognx) = Zn:(mcoé‘ (x)sin™* (x)co{% (n- k)ﬂj
k=0
Tangent:
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2tanf

tan2 = ;"5

Generally.

tan(nx) = Sin(nx) — k=0 k

Z":(nj cog(x)sin™™ (x)sin ;(n - k)nj

A S cos (i (oo 2okl

k=0

Cot: )
cot“f — 1
Cﬂt-gg = m
9.12 TRIPLE ANGLE FORMULAE:
Sine:
sin 38 = 3sin f — 4sin®#
Cosine:
cos 30 = 4cos® f — 3cosb
Tangent:
T 3tanfd — tan®f
A = T 3tan’f
Cot: .
Jcotf — cot” @
cot 30 = T3 o0
9.13 HALF ANGLE FORMULAE:
Sine:
i 1 —cos#
L /1 —cost!
sin 5 5
Cosine:
i 14+ cos#
AR B i M
COSs 5 5
Tangent:
tan B = ¢scf — cot
{1 — cosf
s 1 + cos#
B sin
" 14+ cosf
B 1 —cos#
~ sinf
Cot:
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i
cot 5 = csct 4+ cotd

1 + cos#
— T
1 — cost

__ sind
"1 —cos#
B 1+ cos#
~ sinf
9.14 POWER REDUCTION:
Sine:
1-— 26
sine = i
. 7 3sin% — sin 36
sin” # = 1
. 4 3 — 4cos26 4 cos46
sin” # =
e 105in6"—855'1n33—|—5in53
sin” # =
16
If nis even:
n_q
- n i ]. it 2 - V(B k) T . A
sin" # = ?(’3’) + o ;(—U 3 (R) cos((n — 2k)#)
If nis odd:
n—1
2 = n—1 n
g 2 1y k) : _ 9
sin” # o ;}( 1) (A) sin ((n — 2k)#)
Cosine: : 2
cos? g — L €80
cos? ) — Jcost! —4|— cos 36
4 3 + 4 cos26 + cos4l
cos 0 = 3
. 10 cosf + 5 cos 36 + cos b
cos f =
16
If nis even:
2 °F n
cos" B = on ; (R) cos ((n — 2k)8)
If nis odd:
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. n 2 .
cOs 8—;( ) 2—2_:( )ma (n— 2k)8)

Sine & Cosine: i

sin B cos? f = ﬂ

3 sin%ﬁ' — sin 6#

sin® 6 cos® § =

32
3 — 4dcosdf + cos&f

. 4 4

sin” fcos 0 = | 198 |

10sin 28 — Hsin 68 4 sin 108
H12

sin” 6 cos” § =

9.15 PRODUCT TO SUM:
cos(f — ) + cos(f + )

cost cosp = >
sin # sin p = cos(f — ¢) ; cos(f + )
sin 0 cos p — sin(6 + ) J; sin(f — )
cosfsinp = sin( + ) — sin(0 — )

2
9.16 SUM TO PRODUCT:
. . == fF
smﬂ':l:smtpz?sm( Ek)cﬂs( :Ft‘u)

2 2
B+ A —
c::nsﬁ'—l—cosq;z?cas( ;L’f)cas( 2@”)
04+ . [0—1p
cosfl — cosp = —2sin + ¢ sin La
2 2
9.17 HYPERBOLIC EXPRESSIONS:
. ef —e *
o sinhr = ———
Hyperbolic sine: 2
€T + e T
_ _ coshr = ———
Hyperbolic cosine: 2
sinhz L(e®—e® e — 1
tanhz = = f( . _E) = —
Hyperbolic tangent: coshz g(e*+e?) e*+1
he (e +e” 2 41
coths — ijZIS x _ %(EE + E_z) _ Egz +
Hyperbolic cotangent: sinhz  z(e*—e™®) €* -1
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N S I e B e R R R TN

1 2

: sechx = =
Hyperbolic secant: coshr €T+ e =
1 2
. cschr = — —
Hyperbolic cosecant: sinhz ef —e~ 7

9.18 HYPERBOLIC RELATIONS:
cosh’z — sinh’*z = 1

sinh(—z) = —sinhz
cosh(—z) = coshx
tanh(—z) = — tanhx
coth(—z) = — cothx
sech(—z) =sechx
csch(—x) = —cscha

arsech x = arcosh—

arcschr = arsinh—
T

arcotha = artanh—
T

9.19 MACHIN-LIKE FORMULAE:

Form: N
2 : 1
} = Z: a,, arctan b—n
Formulae:
T — _1 - t F t-' 1
1= d;(‘- an 5 dl; an 739
= arctan 5 + arctan 5
1 1
= 2arctan — — arctan
: 1
= 2arctan 3 + arctan 7
= Harctan = :— 2 arctan =5 1 1
= 12&11'cta.11? + 32 arctan i Jarctan 739 + 12 arctan 110%43
= 44 arctan 57 + T arctan 539 12 arctan ) + 24 arctan 19943
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x ! L !
— =183arctan — + 32 arctan —— — 68 arct 12 arct
1 arc a,n239+ arc anl[]?.} arc an5832+ arc an11[1443
— 12 arctan 1841183 100 arctan 6326318 1
g =183 arct.a.nﬁ + 32arctan 1093 ~ G arctan ) + 12arctan 113021
1 1
— 100arct — 12arct 12 arct
O GR6aTs 33366019650 o 43500522992503626063
Identities:
Tr+y
arctanx + arctany = arctan
1 — TYfor xY < 1,
arctanr — arctany = arctan - t—y
1+ zytor zy > —1,
o a t c t ad + bc ac{l
arctan - + arctan d - e actor bd ,
(oa tan & — ot ad — bc  ac
arctan - — arctan - = arctan bd + actor bd > —1'

9.20 SPHERICAL TRIANGLE IDENTITIES:
sin(;(A— B)] ) tar(; (a—b)j
sin@ (A+ B)j i tar(;cj

(a-b)) tar3(a-8)

o) ol
of o) )
S
{30) o)
o)l

9.21 ABBREVIATIONS (9.1-9.19)
A=Angle ‘A’

2
=

@,
>
/|

NIR[NF-

co
Cco
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a=side ‘a’
B=Angle ‘B’
b=side ‘b’
B=Angle ‘B’
c=side ‘c’
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PART 10: EXPONENTIALS & LOGARITHIMS

10.1 FUNDAMENTAL THEORY:
") — 4 ifr >0

10.2 IDENTITIES:

log,(1) =0

log,(b) = 1

log,(xy) = log,(x) + logs(y)
lﬂgb(ﬁ) = logy(x) — log,(y)
log,(z) = dlog,(z)

plossly) — leEb{-T]

clogy(x) + dlogy(y) = logs(zy")
o8 = 2 because antilog,{log,(z)) = x
log, (b") = x because log,(antilog,(r)) = x

log(log(c?)) = log(log(c)) + log(d)
log(log(¥/c)) = log(log(c)) —log(d)

log,(a + c) = log, a + log, (1 + g

log,(a — ¢) = log, a + log, (1 — g)

log(log{z))
¢ s = log(x)

log, rdr = x(log, x — log, ) + C
In{fa x 10") =Ina + nln 10.

10.3 CHANGE OF BASE:
log, =

log, r = log, b’

10.4 LAWS FOR LOG TABLES:

Ty = blogb{z]blugb{y] — blﬂgb{I]‘HDE;,f_y:' = ngb(Iy) — Iogb(blﬂﬂﬂzj‘i‘lﬂﬂh{.yj} — logb(:r}_l_

gV = (oY = prlosst®) oo (2¥) = ylog,(z)
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€T _ _
lﬂgﬁ(a) = log,(zy ") =log,(z) + log,(y~") = log,(z) — log,(y)

1 1
logy(¥/7) = logy(2) = logy(2)

10.5 COMPLEX NUMBERS:
log(z) = In|z| + iarg(z) = In(r) + i (0 + 27k)
Log(z) + Log(z2) = Log(z123) (mod 2mz)
Log(z;) — Log(z,) = Log(z;/2) (mod 2z)

z 22 L =
2,7? = og(=1)

Log(z17%) = zpLog{z) (mod 2m]

10.6 LIMITS INVOLVING LOGARITHMIC TERMS

zl_i,IE+ log, z =—-o0 fa=>1
;:IEE+ log, r =00 ifa<l1
Ili_igg log,x =00 ifa>1
J}LI‘ED log, = -0 fa<l
lim z°log, =0 ifb>0
—0t

:}LIT;DEIUE.;I:U ifb >0
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PART 11: COMPLEX NUMBERS

11.1 GENERAL:

Fundamental: iZ=-1
Standard Form: z=a+bi
Polar Form: z=rcisd =r(cosd +isinb)
Argument: argz)= 6, wheretand = b
a

Modulus: modz) =r =|4 =|a+bi| =va® +b’
Conjugate: z=a-hi
Exponential: z=r@"
De Moivre’s Formula:

z=rcisé

L1 ,{9+ 2knj, k=0,1,...,(n-1)
z" =rnci
n

Euler’s Identity: e7+1=0 (Special Case when n=2)

n-1 27K

Ze“ =0 (Generally)
k=0

11.2 OPERATIONS:

Addition: (a+bi)+(c+di)=(a+c)+(b+d)i

Subtraction: (a+bi)-(c+di)=(a-c)+(b-d)i.

Multiplication: (a+bi)(c +di)=ac+Dbci +adi +bdi® =(ac-bd) +(bc+ad)i.
Division:

(a+bi) _ (a+bi)(c-di) _ ac+bci-adi +bd :( act bdj J{ bc-adj.
(c+di) (c+di(c-di)  (c+di)c-di) \c2+d?) \+d?)
a’ + b = (a+ bi)(a — bi)

Sum of Squares:

11.3 IDENTITIES:

e = cos(f) + isin(#)

Exponential:
S log(x + 1y) = L In(2* + ¢°) + i arg(z + iy)
Logarithmic: T2 !
. ( )_Em—ﬁ_m
Trigonometric: SIE) = Y I
git | giz
cos(r) = —————
e — g7 sin(x)
t = — =
an(z) i(eir + e~iz)  cos(x)

sinfa + ) = sin(a)cosh(b) + cos(a)sinnh(b)i
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Hyperbolic:

cos(a + bi) = cos(a)cosh(b) — sin(a)sinh(b)i

e’ =cosr +1 sinx

e = COST — 1 sin

coshiz = ;(e™ +e ™) = cosx
sinhiz = (™ — e ™) = isinx
tanhir = 1tanx

coshx = cosix

sinhx = —1sinix

tanhx = —i tanix
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PART 12: DIFFERENTIATION

For Differential Equations, see Functions

12.1 GENERAL RULES:

Plus Or Minus:

Product Rule:

Quotient Rule:

Power Rule:

Chain Rule:

Blob Rule:

Base A Log:

Natural Log:

Exponential (X):

First Principles:

y =uv
y'=uv+uv

u
y=2
\"

dy_dy, du dv

dx du dv E

y=k*
y'=Inkxk*

' - fx+h _fx
o =)

h -0

12.2 EXPONETIAL FUNCTIONS:

Page 94 of 286




dx
12.3 LOGARITHMIC FUNCTIONS:
d 1 1
alnx E_lzr,lne x>0
d—lﬂgb:t—xlnb b>0,b+#1
d d In(z) 1 log,(e)

12.4 TRIGONOMETRIC FUNCTIONS:

(sin(x)) = cos(z)

(CGS(I))f:_S.IHEI% f 2(2) + sin’(z) 1
,_ (sin(z)\ _ cos”(z) +sin"(x) _ = ced(s
(tan(z)) = (CDS(I)) cos?(x) cos?(x) (@)

‘3‘?5(1’)) _ —sin’(z) —cos’(z) _ —(1 + cot?(x)) = — esc2(x)

sin®(x)

cos?(x)  cos(x) cos(x)

(
(sec(x)y’:( ! ),,: sin(@) _ 1 sin(@) _ o (2) tan(a)
(

cse(x)) = ! f:—i(x):— ! CGS(I)Z—CSCI cot(x
(esc(z)) sin[:t%) sin®(x) sin(z) sin(x) (z)cot(z)
(arcsin(z)) = A=

, A
(arccos(x)) = \/11_71:2
(arctan(z)) =

2 +1

12.5 HYPERBOLIC FUNCTIONS:

d
% sinhx = coshz
I coshr =sinhz
d%t-anhx = 1 — tanh’z = sech®z = 1/ cosh®x
E cothz =1 — coth’ 2 = —csch’z = —1/sinh’z
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i

% cschax = —cotha eschx
d; sechx = — tanh x sech x
i’F (sinh_1 :1:) = L

dét :r,?l+ 1
a -1\ _

T (cﬂsh :1:) o
i B 1

dét: 1 — g2

dr

12.5 PARTIAL DIFFERENTIATION:

First Principles:

ar. .. dl fla, b)) o fla+h,b)— fla.b)
fa, b = —|::a- = lim -
i dx h—D n
of o _dU(wy), o flabrh) —f(ab)
(a,b) = ————|,— = lim -
o iy - h—0 I
ie:
o f . flz+hoy)— fleu)
— = lim -
T [ i
af o fleoy+h)— fle, )
— = lim -
l'_-il ”- [ i
Gradient:
fof of
or di z

Total Differential:

df = fo(w,y)de + fy(2,y) dy =

} i } i
o) idx + ii.i':r,l'
;T dy

Chain Rule:
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Case 1, Suppose F' = Flu,v) and w = u(z.y), v = v(x,%). Then F is also a function of
x and y and

aF B dF gu N aF guv
dr Hudr Hvdx

5F_ aF du +&F{;}y
dy  Adudy v Iy

dF -z dFdu OFdv i) Bess

e B e 2
it au dt av idt /;_“jil"i,f/f,:" \\\dfl‘&\
(Note the ‘full” derivative here) @ Q
T =
i Y .if,_,_.#’" d_
dt T dt
i

d F - dF §u
gr dugr
aF B dF gu

Gy dudy

Implicit Differentiation:
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Consider z = Flx, y) where we as-
sume the y 15 a funetion of =, i.e

:LI':

g(xr). Then z is ultimatelv a

function of » onlv and the chain rule

tells us

dr  Hx

Therefore,

Higher Order Derivatives:

dz _{-}F dF dy
dy dr’

fE‘;;__UF E}F__F_,
dr  ax ;_,i'y_ F,
TN

.-';I:_ - 3I2_rr
o1y _ 1 _,

dy) — oy
o1\ _ & _,
gu) — dxoy
o1y _ & _,
gz ) — dyor
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PART 13: INTEGRATION

13.1 GENERAL RULES:

[ il feol'ax= [t +C

Power Rule: n[+1 ]
n f n+1
_ AL
af iyl dx=atll—+c
By Parts: '|'udv= uv—jvdu
f(x)
Constants: Ikdy: kf (X)
0
13.2 RATIONAL FUNCTIONS:
ar b n+1
f(cm: +b)dr = % +C (forn # —1)
c c
faa:—|—bd$ = Eln|a;r,—|—b| +C

aln+ 1)z —b
az(n+1)(n+ 2)

f:t:(aa: + b)"dx = (az+ b)) +C (forn & {—1,-2})

T
fﬂ$+bd$ E—E;n|a$—|—b|1—|—c
T
fa:r,——|—b)d 2oz +0) T @l U +C
(1—?1):1:—6
f .[1;1:_|_b ﬂz(ﬂ—l)(ﬂ—g)gax—l—b)ﬂ—l—i_c (for n & {1,2})
f bzln(|aa:—|—b|} ar® — 2bx o
—|— a? T D2 +C
I 1 b?
f = — | ax — 2bln |ax + b| — +C
T+ b a’ ar + b
i 1 2% B
1 b — C
fa:t+b (H|M+ |+ x+b  2(ax+ b)? i
1 (az+b)*™" Qb(a;r,—l—b)?_“ b (az +b)'™"
ER - C f 1,23
faa:er 3( (n—3) i (n—2) (n—1) T (forn ¢ {1,2,3})
1 ar + b
= _—_] '
f a:t:—l—b) b n T ‘_'_
1 ar + b
f a:t:—i—b bx 52 i - “'_
1 1 2. lax+b
f:t:g aa:-|-b)9 a(bg(a$+b)+a.b?$ = 11 = D+
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1 1
f—d&: = — a,rc‘t.a,nE +

2% + a? a a
/ 1 q —LarctanhZ = -In 2 ﬂ_'_—z +C  (for |z| <|a|)
T =
x? — a? —LarccothZ = 1 -In = +C  (for |z| > [a)
Fora 7 0
o arctan 728 4 (for 4ac - b* > 0)
1 dr = . _Eb t ; ;at:E+b C = ] 2m+b—\fbg—4m: C {f 4 b? < 0)
e R S Y =l 7m0 aroryiriee| + O (for dac—
— s +C (for 4ac — b* =0)

a$9+b$+c$|[_2c1na$+x+c_2a. a:t:2+b:1:+c+

% n |ax® + be + ¢ + 220 arctan —=tb + ' (for dac — b* > 0)

mr+n m S Vﬁ 2
RS Cd:r, =< 2nfaz’® + bz +¢| — e arctanh—= + ¢ (for dac — b° < 0)
2 n|ax® + b + ¢ — f;’;zf;‘ +C (for 4ac — b* = 0)
1 2az + b (2n-3)2a 1
f (az? + bx + c)“dx - (n—1)(4ac — b)(az? + bz + c)“—1+ (n— 1)(4ac — B?) f (az? + br + c)“—ldx-l_c
f x 4o — b + 2c b(2n — 3) f 1 driC
(az? + bz + c)n (n—1)(dac— bﬂ}(aa:z +br+ )t (n—1)(dac—b2) ) (az?+ b+ )

/ 1 dr = o |—° —if S Fe
zlaz +bx +¢)  2¢ |aal+br+ec| 2c) ax?+ba+c

[:c?di 1_2"2‘1 {2:1 (ng—ﬂl)ﬂ (zk;)n))m (zk;)n) ) 21 {CGS((%;)H)Mxﬁ_m((zk;ﬂnn)ﬁﬂ

13.3 TRIGONOMETRIC FUNCTIONS (SINE):

arctan

sin I —C08

1
fsina:r dr = - cosaxr + C

. . 1 .
fsmzaa: dr = % —2 Esm?a&:—l—ﬂ*: %— Esmm:casaa:—kc

2 _r_ =z 1
rsin® ar dr = 43 1a s;n.‘Za:rl 32 cos 2ar + '
fIESiHEH:E da::%— ;I— 3 sin 2ar — 4—200525$+C
a a a
, , sin((b; — b)) sin((by 4+ b )z
fSll]b]_IElegI dr = 25((611—5;)) )_ 25((6114—53 )—I—C (for |by| # |ba|)
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n—1

fsm ar dp = — 0 AreoSar BT ! fsin“_g ar dx (for n > 0)
dx 1 ax e "
f = —In t-an—‘—kC
sin ax a 2
f dr COS AT 4 n—2 dx (for n > 1)
sinf"az  a(l—n)sin® lax  n-1J sin”" ax
, sinar T Ccosax
f:r,sma;r, dr = —— — +C
@ o
f:r,“sinaa: dr = - cosa&:—l—gfxﬂ'_l cosax dr (for n > 0)
a R W 6
fg 22 sin? —— dg = — (nm > ) (forn =2,4,6...)
2 (1 24n2w
sin ax > (ax)?n+
dx = -1)" '
f Pl S )y (2n+1)f+
sin ax sin ax Cos u:m:
[T .y
" (n—1)an! n—l an—t
dzx B 1t (aa: ?T) C
1+sinar a an 2 :Fri +
T dx —Itan(m: ?T)_I_ 2 In CGE(HJ: ?T)‘ C
1+sinar a 2 4 a? 2 4
T et (F- %) 2, (3 ﬁ)‘
1 — sinax am' 4 2 +a.9 s 4 2 *
sin ax dx _ 4 1t (?T tI:JE) C
{Lsmar T rg™\at3o) "

13.4 TRIGONOMETRIC FUNCTIONS (COSINE):

fcc-saa: dr = Esina&: +
fc{:ns2 ar dr = E—|— —sin2ax +C = E—|— — sinaxcosaxr + C
2 _4{1 . 2‘1 2a
fccns”‘ ar dp = 225 WTTRGE T fcas“_z ar dx (for n > 0)
na . n
cosar T Sinar
fit cosar dr = —— + +C
3 2?2 1
f:t:z cos® ar dr = 5 + 12 84 sin 2ax + 4— cos 2ax + C'
fitﬂ cos ar dr = T smar n " lsin ax dx
i1 i1
cos ax > (ax)?*
dr = In|ax -
/ lael + 2 (-U" 55w
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cos ax cos ax sin ax
dr = — f fi 1
f an (n—1)a"! n—1J gr-! dr (forn7 1)

dx 1 ar T
f = —In t-an(——l——)‘—kc
COS 4T e 2 4
dxr sin a:x n—2 dx
f = + (forn > 1)
costar a(n—1)cos"tar n-—1J cos" 2ax
dx 1 ar
— = —tan— +
1 + cosax a 2
dx 1 ar
f— = ——cot—+C
1 — cosax a 2
T dr B It ar 2 l ‘ C
1 +cosar a a,n2 +az fh|cos +
T dx o tcm: 21 , u:m: c
1—::05&;1:__&00 2—|—aznsm2 te
cosaxr dr 1 ar
— =3 — —tan— + '
1 + cosax a 2
Cos ar dx 1 ar
— = g3 — —cot—+ C
1 — cosax a 2

sin(a; — ag)x N sin(ay + ap)x
2(a) — ap) 2(a; + as)

fCDS (T COS AT dr = +C (for |a1| # |aal)

13.5 TRIGONOMETRIC FUNCTIONS (TANGENT):

1 1

ft-ana:r, dr = —Eln | cosaz| +C = Eln | secax| + C
o t .

a.(ﬂ—l) |

d 1 -
f & (p:r,—l—g In |gsin az+p cos ax|)+C (for p*+q* #0)
gtanax —|—1p P* + ¢* a

d
f - —In|sinazx| +C
tanar a

ft.a,n“‘ ar dr = an" ! ax — /t.an“‘_z ar dx (for n # 1)

T
= - + — In|sinax + cosaz| + C

ftana:c—|—1 2 2a

I .
ftanaa: —1~ 2 +1E In|sinar — cosaz| +C

tanax dr T ) | , 4 |—|—C
_ — — — In|smaxr 4+ cosax /
tanar +1 2 2a

T
2

f tanax dzx B
tanar — 1

13.6 TRIGONOMETRIC FUNCTIONS (SECANT):

In|sinaxr — cosax|+ C
2a
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1
fsec ardr = Eln lsecax + tanax| + C
fsecz rdr = tanx + C'

n—1

fsec“a;r,dxzsec a;t51na:c+n—2 sec" % ax dx (forn # 1)
a(n — 1) n—1
. sec" ?xtanr n—2 _
fsec rdr = + sec’ ~xdx
i ﬂ_ilti n—1
[ser 1= tmg+C
/ v _ t2 4+ C
secx—l__I_CGIQ—I_'

13.7 TRIGONOMETRIC FUNCTIONS (COTANGENT):

1
fcot-cm: dr = Eln|sina¢t| +C

fcﬂt-“ ax dv = ———— cot™ ' ax — /t:{nt"""_2 ax dx (for n # 1)
a(n — 1)
f [ tanax dx
1+ cota:c ~J tanar + 1

f B f tan axr dx
1 — cotax tanar — 1
13.8 TRIGONOMETRIC FUNCTIONS (SINE & COSINE):

tan(m: + g)‘ +

casaa: :I:sm axr)? - 2a 9q on (aa: T 4) +c
1 ( sinx — cosx dx
(

-2(n-2) [
cosx + sinz)n—1 (n—2) (cosx + sin )™ 2

In

cosar + sin ax a\/_

dx
dx

(cosx +sinz)® n—1

cosax dx T ,
= — + — In|[sinaz + cosaz| + C
cosar + 5111 ar 2 Qiz.
T :
= — — —In|[sinax — cosax| +C
COS AT — 5111 ar 2 2a
sinax dr T ,
= - — —In[sinaz + cosazx| + C
cosar + 5111 ar 2 2a

/
/1
/7
/
| i
/
/
/

sinax dx T ,
= —— — 0— In|sinaxr — cosazx| + C
cosax —sma;t: 2 2a
cosar dr lt 2a$+11t ‘+C
= —— tan’ = + — In [tan —
sinaz(1 +cosazx)  4a 2 2a
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f cosar dx 1 2 1 e ‘ c
sinaz(l — cosax)  4a P T
f sin ar dx 1 cot? (a;r+?r)+ 1 In ta,n(m:—kﬁ)‘—l—uf*

cosax(1 + sinax) " 4a 2 4 2a 2 4
f sin ar dx 1 tan? (a$+?r) 1 In tan(a$+?r)‘+€

cosaz(l —sinaz) 4a 2 4 2a 2 4
fsin arcosar dr = —=— cos’ ax + C

eos((ar —a)a) _cos((ar + a)a)
, cos((a; —ag)x) cos((a; + ag)x
: px dr = — — C for |a

fsm a1 COS Ay dx 12([11 — ) 2(ar + ap) + (for |ay| # |ds|)
fsin“ ar cosar dr = msin‘""Jr1 ar + C (for n # —1)
fsin ax cos" ar dr = —ﬁ cos"taz + C (for n # —1)

. sin" tarcos™ M axr n-1 .
f sin” ax cos™ ar dr = — + sin"“ ax cos™ ar dx (1

a(n + m) n+m

.1 m—1
. sin"" arcos™ axr m-—1 [ . _
sin” ax cos™ axr dr = + sin” ax cos™ 2 ax dz (for
a(n +m) n-+m
dx

1
: = —In|tanaz| + C
sinaxr cosar  a

az = 1 -|-f : dx (for n # 1)

sinaxr cos® ar  a(n — 1) cos"ax sin ax cos™ 2 ax

dx 1 dx
fsin“ aT COS AT a(n — 1)sin" ! az T f Sin™ 2 4T COoS aT (for n # 1)

sinaxr dr 1
= ——— +C (for n # 1)
cos™ ax a(n — 1) cos"tax
sin? ax dzx 1 . 1 T ax
————— = ——sinar+ —Injtan |-+ — ||+ C
cosax a a 4 2
sin® axr dr sin ax 1
= - f . (for n # 1)
cos™ ax a(n — 13 cos"tar n—1J cos"Zax
sin" axr dx sin™ sin" 2 ax dx
b arar s ar (for n # 1)
cos ax a(n —1) cosax
sin" axr dx sin" ! ax n—m+2 fsin” ar dr
= — > (for m # 1)
cos™ ax a(m—1)cos™lar m-—1 cos™? ax
also:
sin” axr dx sin” ! ax n—1 fsin" ?ax dx
— = — —+ (for m # n)
cos™ ax aln —m)cos™ltar n—m cos™ ax
also:
sin" ax dr sin" ! az n—1 rsin" ?ax dr
= — — . (for m # 1)
cos™ ax a(m—1)cos™tar m—1 cos™ 2 ax
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cos ax dr 1
f - — ———+C (for n # 1)
5111 ax a(n — 1)sin" " ax
C-:ZIS ar dr 1 ar
= —(cosaxr+ In |tan —| | + '
5111 ax a 2
cos® ar dx 1 COSar dx
f = — — f — (for n # 1)
sin™ ax n—1\ asin ax) sin" “ax
cos” ax dx cos" ! ax n—m-—2 fcos”ardr
f— = - - f (for m # 1
sin™ ax a(m—1)sin™ tar m-1 sin™ % azx
also:
f cos” ax dx cos" lax 4 n—1 cos™ 2 ax dx (f » )
: = : or M # n
sin™ ax a(n —m)sin™ tax n-—m sin™ ax
also:
f cos” ax dx cos™ ! ax n—1 cos" 2 ax dx (f 4 1)
= — — oT M
sin™ ax a(m —1)sin™ taxr m—1 sin™ % ax

13.9 TRIGONOMETRIC FUNCTIONS (SINE & TANGENT):

1
sin ax tan ar dr = —(In | sec ar + tan ax| — sinazx) + C

tan” ax d 1
f a0 ;m: - tan™ ' (ax) + C (for n # 1)

sin” ax a(n—1)

13.10 TRIGONOMETRIC FUNCTIONS (COSINE & TANGENT):

tan™ ax dx B 1 1
f cofar  a(n+1) tan" " ar 4 C (for n # —1)

13.11 TRIGONOMETRIC FUNCTIONS (SINE & COTANGENT):

: = t
sin” ax a(n+1) o

t"ax d 1
f o e "ax 4+ C (for n # —1)

13.12 TRIGONOMETRIC FUNCTIONS (COSINE & COTANGENT):

cot™ ax d;t: 1 i
f cos? axr a(l —n) az+C (for n 7 1)

13.13 TRIGONOMETRIC FUNCTIONS (ARCSINE):

farcsin:t: dr = rarcsinz + V1 —22+ C
. R
farcsm— dr = rarcsin— + va? —x22 +C
(L 1
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. T 2 q?
T arcsin — dr = 21 arcsm——l— waz —x2 4+ C
a a

3
T T o x4+ 2{1
2% arcsin — dr = — arcsin — + —q9 Va2 —x2 4+ C
(1

3 a
0 1 atl "/1 — 22 — na" !arcsinz o
2" arcsinz dv = —— [ 2" arcsinz + +n [ 2" “aresinz dr
n+l n-1
2

2_
, , it 2"V1 - 2% —n2™ 'arccosz 220
cos" zarcsing dr = | 2 T arccosx + 1 +n [ 2" “arccosz dr

13.14 TRIGONOMETRIC FUNCTIONS (ARCCOSINE):
arccosxdr = rarccost — v 1 — 22+

T T
arccos — dx = rarccos— — Va2 — 2 4+ C'

— e —

r i1
T 2 a?
I&I‘CCDSE dr = (?— 1 arccas—— \f —rt 4+ C
r? T 2%+ 2a°
x° arccﬂs — da: = T arccos i +Tv —x2 4+ C

13.15 TRIGONOMETRIC FUNCTIONS (ARCTANGENT):

1
farct-an:t: dr = r arctanz — 3 In(1+2%) 4+ C

2
t —
fxarctan(f}da:: [a T )a,cha, n(y) —az C
a
3 2 43
f:t:z arctan(f) = %arct-a.n(x) — % + —ln(a +2?)+C
(r 1
n+1 ot
fitﬂ arct.an(g)da:: m—— arctan ( a. e 1./.:194-1:9 dr, n# -1

13.16 TRIGONOMETRIC FUNCTIONS (ARCCOSECANT):

2

+C

/arccscx dr = rarcescx + In |z + o 5

T
2

/a,rccscE dx ZIE,I'CCSCE—FH-IH(E(HI— a—2—|— 1)+ C
(1 1 s I
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T2 T ar a2

rarcesc— dr = — arcesc— + —4 /1 — — 4+ C
a 2 a 2 T2

13.17 TRIGONOMETRIC FUNCTIONS (ARCSECANT):

¢ —

arcsecx dr = x arcsecx — In

T4 +

T+ 1?2 — ‘ +
a a|:1:|
T arcsecx dr = ; (:1:2 arcsecr — V1?2 — 1) +

/CC arcsec dr = —1 ( arcsecr —

/ 2
/arcsec Y dz =z arcsect + —In

N - 141 - n]( Laresecz + (1-n) / " arcsecz d:c)

|

!

n

13.18 TRIGONOMETRIC FUNCTIONS (ARCCOTANGENT):
1 2

arccot x dr = rarccotx + 5 In(1+z°)+C

arccot = dz = z arccot — + % In(a® + 2%) + C
i1

f ot
T a? + x° T ar
/:1: arccot — dr = * arccot —+ — 4+ C
a 32 a 2 .
T T r ax a
x® arccot — dr = — arccot — + — — —In(a® +2°) + C
a 3 ) a 6 6 )
n+ n+
2" arccot = dr = = arccot — + - I dr, n# —1
a n+1 a n+1) a®+x?

13.19 EXPONETIAL FUNCTIONS

2 2 2
Igemdxzem(x———x—l——)

1
e dr = —g"e™ — — | 2" 1e“dx

e S
2 .
: R

=8
=
I

3

=3

=

. 8

=

=

\%

=

=

e
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n=1 B
e 1 e~ e~
I—ﬂdx:n_l (—Iﬂ_1—|—c/Iﬂ_1d$) (for n # 1)
e Inz dr = —e“ In |z| — Ei (cx)

c

e“ sinbr de = ;F—bz(csin bxr — bcosbzx)

e
“* cosbr dr = bx + bsin b
e“ cosbr do = C2—|—52(CCDS x + bsin bx)

oF n—1
. e“sin" T, . n(n—1)
e“sin" r dr = ————(csinz — ncosz) + —— /EC‘T sin”™

¢ + n? ¢ +n?
1
e“cos" T T . n(n—1)
e“ cos" x do = ﬁ[cmsx—knsmx)—l— 2 - [ € cos™
cz+n +n

2 1 2
—CE d — —CE
rTe T —QCE
1 2 o2 T —
—e=m)7/20% g — Z (1 4+ erf )
€ er
gy 2T ( a2

2
22 22 e’ .
e dr =¢ Z 2 i+t + (2n — I}an_g/ o dx wvalid for n > 0,

_1:3-5---(2j—1) _ (2))!

where 2i+1 o j122i+1
o mo_1)n n—1 o0
f% da::ﬂgo( 1) (Tﬂ—l— 1) T(n-l—1,—ln:1¢)-I-H:;H(—l}ﬂamnl"(n-l—1,—111:1:) (for z > 0)
L if n = 0,
Grn =\ a1 if m = 1,
where *-1"-_1 ?:1 JOmn—jlm—1j—1 Otherwise

ae** +b b bA whenb#0, 10 andae™ +b > 0.
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1

1 N\ T 1 — b
/ E'-T Ina+{l—z)-Inb dr = / (E) bdr = / a_-T ] bl—.'l: dr = ﬂ—
; o \b 0 Ina —Inb

for @ = 0, 6> U a#b , Which is the logarithmic mean

_""Td:t——

/ m
{ L

”_ (a > 0)
/ er (@>0)f ze~e=)” dg = bﬁ
/.

)fa.%l (n>—-1,a>0)
T (n = 2k, k integer,a > 0)
(n = 2k + 1, k integer, a > 0)

J

("' is the double factorial)

o0 I{n41) . .
/ 2Pe T g — ETI_I_-I— (ﬂ- = 1, 1 > [])
0 s (n=0,1,2,...,a >0)
/ “sinbr dz = PO (a>0)
o0 a
/ * cosbr dx = R (a>0)
- 2ab
/ Te ”sinb:tda::ﬁ (a > 0)
R a’—b
e ™ cosbr dxr = m (a>0)
" ere0dg = 2mlo(x) . _ o
0 (lo is the modified Bessel function of the first kind)

2
_zcosﬂ+ysinﬂda — 211, ( 2 2)
L € Tig | yT*+ Y

13.20 LOGARITHMIC FUNCTIONS

fln(:t:} dr =z In(z) —x + C,
flnaa: dr=zxzlnar —x
/lc:—ga zdr = z(log,r — log, e) + C
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(ax + b) In(ax + b) — (ax)

fln(aa:—l—b) dr = .
f(ln:t:]l2 dr = z(Inz)® — 2xInx + 22

f(ln:r,}“da:—xz —1)"* ’lnx}k

k
lfli ln|ln:r,|—|—ln:1:—|—z ln?
dx T
= fi 1
f(ln:t:)“ (n—1)(Inz)r1 n—l ln:t: n—1 (forn # 1)

f:r,mln:tda:::r, metl (ﬂln—li—tl (m—l—l) ) (for m # —1)

m+1 m
™ (Ilnz)" do = 2" (nz)

T m?j— 7 f:tm(lnx)“_lda: (for m # —1)

(n2)" dz _ (ma)
nr)” dr nx)®
f . =i (forn # —1)
Inz™ d In x™)2
HII i (HQi) (for n # 0)
fln:t:da:_ Inx 1 (fﬂrm%l)
m (m—1)zmt  (m—1)%m!
Inz)" dr In x) (Inx)™ dx
f( I?m :_( (—1):1:""”'1 —lf (form # 1)
™ dr il m+ 1 ""”'d:{:
Bl fi 1
f{ln x)" (n—1)(lnz)n-1 T ao1 (Inz)n-t (forn #1)

d
f * = In|lnz|
rInx

dr > (n — 1)¥(In x)*
f:t:“ln:t: = I+ g koKl

dx 1
f (ln:t:) = "Dz forn#l
fln (z°+ a®)dz =aln(2* + a )—2:1:+2a.t.a,11_1§

1
4

ln(:t: + a*) dz = ~In®(z® + a®)

i

fsm( ) dx = (sm(ln x) — cos(lnx))
fcﬂs( ) dx = (sm(ln x) 4 cos(lnz))
/<
/-

€ (:t:ln:t:—:t:— —) dr=¢€¢"(zrlnz —z —Inx)

i (l ln:t:) dr = In 7
T

E.T
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(Inz)® de = (Inz)* ' + (In(lnz))(Inz)”

(i~ ) -
© Inz zlnlz x_ln:r,

13.21 HYPERBOLIC FUNCTIONS

1
fsinh ardr = —coshax + C
fcosh ardr = —sinh axr + C

i1

1
fsinhg ar dr = — sinh 2axr — z +
4i1. 2
ft:ﬂsh2 ar dr = — sinh 2ar + z +C
4a tanh 2
ft-a,nh2 ardr = x — .a,na - +
fsinh“ az dr = — sinh™ ' az coshaz— ! fsinh"""_2 ax dx (for n > 0)
an n
. . 2 7.
fsmh“ azr dr = sinh"*! az coshaz— - fsmh“"'z ardr  (forn<0,n#-1)
a(n+1) n+1
fCDShﬂ' az dv = — sinh az cosh™™! az+ ! fﬁ:{nshﬂ'_2 ax dx (for n > 0)
an n
. 2
fcash” ar dr = — sinh az cosh™" az— T fCDShn+2 ardr  (forn <0, n# —1)
a(n+1) n+1
dx 1 ax
fsinh ar  a n t-anh?‘ +C
f Id;r, _ lln cﬂsha$—1‘+c
sinh ax i) sinh ax
dxr 1 sinh ax
=—In|l————| 4+
./sinha;r, a " coshar + 1‘ +
dx 1 coshar — 1
=—-In|————| 4+
fsinha:r, a " cashaa:—kl‘—'_
dx 2 o
f = —arctane” +C
casélxa;t “ cosh ax n—2 dx
——— — fi 1
fsinh“ ax a(n—1)sinh" 'az n-—1J sinh" *azx (forn #1)
f dx B sinh ax +n—2 dx (for 1 # 1)
cosh"ar  a(n—1) cosh® taxr n—1J cosh” ?ax
f cosh™ aa:d B cosh !ax n—1 cosh™ 2 a:r,d (F £ n)
sinh™ ax = a(n —m) sinh™ 1 ﬂ$+ﬂ —m sinh™ ax * ormzn
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f cosh” ax cosh™" ! az n—m+42 f cosh™ ax g (F £1)
———dr = — : : R or m
sinh™ ax a(m —1)sinh™ tax = m-—1 sinh™ 2 azx
f cosh” ax cosh™ ! ax n n—1 [ cosh" ?ax g (F £1)
———dr = — T or m
sinh™ ax a(m —1)sinh™ 'az m—1J sinh™ 2 ax
fsinhm ar sinh™ ! az m—1 [ sinh™? a , (F £ n)
cosh"az' a(m —n) cosh" ' azx Tn—m/ coraz ormyn
f sinh™ ax sinh™*! ax m—n+2 f sinh™ ax g (5 £1)
———dr = K orn
cosh” ax a(n —1)cosh” taz = n-—1 cosh" 2 ax
f sinh™ ax sinh™ ! ax +m — 1 [sinh™? a , (F £1)
————dr = — [ orn
cosh™ ax a(n — 1)cosh" taxr  n—1J cosh" 2ax
1
f;t:sinh ardr = —rcoshar — — sinhax + C
f:r, coshar dr = —xsinh ar — — coshazx 4 C
2zcoshazr | (22 2
f:l:2 coshardr = —— % 4 (L 4 2 ) sinhaz 4+ C
EI-E (1 .51.3
1
ft.a,nh ardr = —In |coshaz| + C
fcot-hcm: dr = Eln | sinhax| + C
ft-anh“ ardr = ——————tanh™ ax + f‘t-a,nh"""_2 ax dz (for n # 1)
a(n — 1)
fcﬂt-h“ axr dr = _ coth” ! ax + fCDt-hﬂ_E ax dx (forn # 1)
a(n —1)
fsinh ax sinh br dr = R (@ sinh bx cosh az—b cosh ba sinh ax)4+-C (for a® # b%)
fcﬂsh az coshbr dr = — ! - (asinh ax coshbx—b sinh bx cosh ax)+C (for a® # b%)
a? —
fcﬂsh ax sinh br dx = 5 I 7 (@sinh az sinh bx—b cosh ax coshbx)+C (for a’ # b
a’ —
: ] : c :
fsmh(a:r,—l—b) sin(cz+d) dr = > n > cosh(az+b) sin(cr+d) > n > sinh(ax+b) cos(cx+d)+C
fsinh(aa:—l—b} cos(cx+d) dx = > + > cosh(ax+b) CDS(CI—I—J}—I—H.E ¥ > sinh(az+b) sin(ecx+d)4+-C
fcﬂsh(a:t:—l—b)sin(c;t—l—d) dx = > -I— > Sll‘lh(ﬂ:l?—l—b}ﬂil‘l(f:t-l—d)—az — cosh(az-+b) cos(cr+d)+C
a :
fcﬂsh(a;t—l—b) cos(cx+d) dr = 21 sinh(ax+b) cas(cx—l—d)—l—ag > cosh(az+b) sin(cx+d)+C

13.22 INVERSE HYPERBOLIC FUNCTIONS
., T LT
/arsmh —dx = rarsimh— — V2?24 a2+ C
(L 1
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/arcosh Ydr =zarcoshs — Va?— a2 + C
(r 1
x T a 5
artanh —dr = rartanh — + — 5 In|a? — 2?| + C (for |z| < |a|)
a a
/arcot.hfd;r = zarcoth 4 %ln |22 —a?|+ C (for |z| > |a|)
(r (1
x x T\ otz
/arsech - dxr = z arsech - —aarctan——— + C (for x € (0, a))
/22 1 2
/arcsch%dxzxarcschg—l—alnx—'_ z T +C (for x € (0, a))

13.23 ABSOLUTE VALUE FUNCTIONS

n+2
/|H¢E—|—b)ﬂ'|d ((ﬁiﬁ—l-)ibix_FH_|_C[nisﬂdd,alldﬂ?£—1]
f|51n ax| dr = —|51n ax|cotar + C

f|cﬂsa;1:| dr = - — |cos az|tanax + C

t 1
[ tanaal dg = onlon)i=Injeosasl] |
a |tan az|
1 ¢ .
f|CEcaa:| dr = n|‘35‘3ﬂ$—il—ccr ax | sin ax L C
a|sin az|
In [secax + tan az| cos ax
f|sec ar| dr = L c
a|cosax|
t In |si
[ cotaz] de = tontenlinlsinazl] ,
a |tan az|

13.24 SUMMARY TABLE
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f'(u)

_ (fa)™!
7w - "

C
n+1

du=1n|f(u)] +C, / ()" f(u) du

fsin'uduz—cosu-i-c, /cosudu=sinu+0, fseczudu=t.a.nu-i—0

[tanudu=ln|secu|+0, /tanhudu=ln(coshu)+c

/cotudu = In|sinu| + C, fmthudu =In|sinhu| + C

jsecudu=ln|secu+ta.nu|+c, /sechudu=tan‘l|siuhu|+0

/cosecu du = In |cosecu — cot u| + C, fcosechu du=In |tanh%| +C

du 1
u? —a? 2a =

f du__ 1,
a?—u? 2a 5

fidu =sin™! (E) +C /_du = ltan_l (E) +C
vaz -2 a ' a2+u? a a

du 1 g/ u
= (G) +C

du vy [ T
/W—smh (E)-FC—‘IH'U-I*VU +fT.|+C

1]

d
/ﬁ=cosh_] (E)+C:ln|u+\/u2—agl+0

a+ va® — u?
—_— |+
U

du L g (% 1
fum_ aset.h (;)+C—~;ln

13.25 SQUARE ROOT PROOFS
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J\/ a® +x?dx
Let x = atand dx= ased A6 - tanf ==

a
= J'\/a2 +(atand)® xasec &4
= J\/ a®+a’tan’@xasec &6

= [{a® +a*(se¢ §-1) xasec &lg

:.|'x/a2 +a’sed §-a’ xased Ao
= .[\/mxaseé &6

= J'asecﬂx asec &g
:J'azseéé?de

=a2J'sec19><sec2 6do

u=sed,dv=sec &4
du=seddtan&d,v =tané

O a2.|'se(:3 6dé = seddx tand - I tandxseddtan&dd
azjseé 6d6 = seddtand - '[ tan” fsectld

azjseé 6do = secﬁtané?—.[(sec,2 6- 1sedld
azjseé 6de = seo9tan9—jsec°’ 6 -seddld
azjseé 6do = seo9tan9—jsec” 6d¢9+fseo§d9
2azjse€ 6dé = seddtanf + jseoSUé?

J'seé 6dé = 2—22(5e09tan0 + I seoédé?)

J'seé 6dé = lelz(seoé?tanH +Injsecd + tan6]) +C

2+ 2 2+ 2
: I/idi[—\/ S il +§J+c
2a a a a a
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I\/ﬂdx

Let x =asinfdJ dx=acosdé - siné?:g
ZI\/mxacosedH
=Imxacoséd0

= J'\/a2 —az(l— cos H)Xacoséde

:I\/az —a’ +a’cos @ xacosald
:I\/mxacosede
=Iacos€xacos6de

:Iaz cos &g

:azjcos2 ao

=a’| —1+C(;S(20)d0

aZ
=3 [1+coq26)d6

I
r\)|9’,\,
Y
+
%28
>
(N
(@]

o
8
+
@)
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J'\/ x? —a?dx
Let x =asedd] dx=aseddtan@d - sedd = X

a
= [(ase®)’ -a® xasedtan&l6
= I Ja?sed -a’ xaseddtan@dld

= I Ja?(L+tar? 6)- a? xaseddtan&ld

= J'\/a2 +a’tan’ 8- a® xasedtandlé
= J' Ja?tar? @ x asecddtan&dd

= I atangdxaseddtan&léd

= I a’ tan’ fsecld

=a’ I tan” fsecld

=a’ I (sec2 ) —1)se06b|9

= azfseé 6-seddd

=a’ qseé a6 - Isecﬁdﬁ)

= az((z—;z (sechtand + Insecd + tan6|)j ~(Injsecd+ tan¢9|)j +C

= %(Sefﬁtan@ +Injsecd + tand]) - a2(Injsecd + tan6?|)+ C

2 _ .2 2 _ /
=1/ x, VX' -a +In =+ XX 2’ In +
2\ a a a a
— 2 _ 42 2 _ .2
:lxx\/x a’ 1I xTmal X NxT-at) .
2 2 a a a a
2 _ /2 2 _ 42
=1xx\/x2 a +(1 azjln§+ X -a’|
2 a a
13.26 CARTESIAN APPLICATIONS
b
Area under the curve: A:I fodx
b
Volume: Vv =IA
b b
Volume about x axis: V, = [y[dx= nj[f(x)]zdx
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d
Volume about y axis: Vv, = IT.[ [x]zdy

b
Surface Area about x axis: SA= 2nj fo/ 1+ F ' S dX

b 2
Length wrt x-ordinates: L= I 1+(?j dx
X

Length wrt y-ordinates: L= I 1+(ng dy(Where the function is continually increasing)
y

Length parametrically: L= I\/[ dtj [ j dt
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PART 14: FUNCTIONS

14.1 COMPOSITE FUNCTIONS:
Odd + Odd = Odd
Odd + Even = Neither
Even + Even = Even
Odd x Odd = Even
Odd / Odd = Odd
Even x Even = Even
Even / Even = Even
Even of Odd = Even
Even of Even = Even
Even of Neither = Neither
Odd of Odd = Odd
Odd of Even = Even
Odd of Neither = Neither

If (x) is odd: If(x)dx:o

If f(x) is even: j f(x)dx=2j f(X)dx
0

—a

14.2 MULTIVARIABLE FUNCTIONS:

Limit. (X]y"moyo)(f(x,y))z (XmLI{P(O’O)(f(xmx)): (J)'[T}O)(f(xmx))
. . . . _ 2
Discriminant: Dixye) = Zuyy = (zxy)
Critical Points: z=1,,
z, =0
Solve for:
z,=0
1 If the critical pointx,yo) is a local maximum, then

D(Xo,Yo) >= 0

fxx(X0,Yo) <= 0 @ndf,(xo,Yo) <= 0
7 If D(xo,y0) > 0, and either

fix(Xa:Yo) < 0 OF fyy(Xo,Yo) <O

then the critical poingx,,y,) is a local maximum.

1 If the critical pointxo,yo) is a local minimum, then
D(Xo,Yo) >= 0

fxx(XO-yO) >=0 andfyy(XOvyO) >=0
O If D(x0,y0) > 0, and either
fXX(XOIyO) >0 Orfyy(XOIyO) >0
then the critical poingx,.yo) is a local minimum.
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1 If the critical pointxo,yo) is a saddle point, then
D(Xo,Yo) <=0

D(Xo,Yo) <0,

then the critical poingx,,yo) is a saddle point.

14.3 FIRST ORDER, FIRST DEGREE, DIFFERENTIAL EQUATI ONS:

Separable
dy_ f(x)
dx g(y)
g(y)dy= f(xdx

[a(ydy=] f(xdx

Linear:
d
d—y+P(X)><y=Q(X)
X

1(x) =l

1 )
v=155 0100 Q(¥dx)

Homogeneous
f(Ax,Ay) = f(xy)
dy_ f(xy)= F[Xj
dx X
dy dv

Let V(X) =X,Dd—=v+xd—
X X X

Dv+x$/= F(v)
dx

dv
X—=F(v)-v
o W

dv. _dx
F(v)-v X
J' dv _ 9(

F(v)—v_ X

Exact:
%’: f(xy) » M(x ydx+N(x y)dy=0
If: M, =N,
When: F, =M & F, =N
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Therefore,

F =M (x,y)dx=®(x,y) +g(y)
Fy :aa—y(cb +g(y)=o, +g'(y)=N

Og(y) =...
so: F(xy)=®(xy)+g(y)=C
14.4 SECOND ORDER
2
A8V v
Where ~ dx? dx
ay'+by+cy = f(x)

+cy= f(x)

Homogeneous
ay'+by+cy=0

= an? +bm+c=0

m= -b++b®-4ac

2a
There are three possible outcomes:
1) m,,m,wherem, Zm, =y, = Ae™ +Be™
2) m, m,wherem, =m, =y, =(A+Bx)e™
9 m,=atf = Y, = e™(Acodx) + Bsin(5x))

Undetermined Coefficients
Where f(X) is in the form of

1) A polynomial =Y, TAX A X+ AXEA
2) arsin(kx) =y, = Asin(kx) + Bcoskx)
3) ae =y, = A

NB: Multiplication is OK: eg:
f(x) = 3x%€”
Y, = (Aex)(Bx3 +Cx* + Dx+ E)
Y, = (eX )(Bx3 +Cx? + Dx+ E)
NB: If y, is part of y, you multiply y, by x

To determine the unknown variables, substitute latckthe original equation with
Yo,Y'p Y, and compare the coefficients.

Then,
y: yh +yp1+yp2 +yp3+"'

Variation of Parameters
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Yn = G (X) + C,U, (X)
Yo = v, (XU, (X) +V, (X)u, (X)

Where,
-u,(X) f(x X) f (X u, u
yr= w0900 | WITO) p U )
A A u' u,

STV ULC LI PRy T C LY
uu, I_uzull uu, '_uzull
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PART 15: MATRICIES

15.1 BASIC PRINICPLES:

Size=ix j, I=row, j=column

A=a]

15.2 BASIC OPERTAIONS:

Addition:
Subtraction:
Scalar Multiple:
Transpose:

Scalar Product:

Symmetry:

Cramer’s Rule:
Ax=B

A+B=la +h |
A—B=[aij —b”.J
kA=[kajJ
lAT i = A

, T 1 0
eg:1 2 E =12 -6
0 —6 7 5
i

(A+B+C+..) =A" +B" +C" +...
(ABCD.)" =..D"CTBTAT

by
asb=[a a a ]Z
AT = A

~_det(A) where Ai = column i replaced by B

det(A)
Least Squares Solution
In the form AX =D, 1(=(ATA)_1ATI_J
For a linear approximation: o +nX= b

For a quadratic approximation: I, + X+ r2X2 =b

Etc.

15.3 SQUARE MATRIX:
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(dy 0 0O
0 dy 0O
Diagonal: 2 0 0 das
i 0 0
log lpp 0
Lower Triangle Matrix: :531 I3y l33
Uy U1z Uqg
0 ugp ups
Upper Triangle Matrix: L 0 0 gz

15.4 DETERMINATE:

2x2. det@®) =ad-bc

3x3. det @) =aei+ bfg+cdh-afh- bdi - ceg

nxn:  det @) = a,C,, +a,,Cp, +a,Cy, =38, C; =3 ayMiy x(- 1))
j=1 =1

Rules.

1. If A has a row or a column of zeros, det (A) = 0.

_ B
TR
€.q. . J|=0and|0 0 0O |[=0.
1 0 -3 4 03 1
30 0 1 -

2. Multiply any one row of A by a scalar £ to obtain A". Then
det (A") = kdet (A)

(makes sense when you consider taking a cofactor expansion along that row) e.g.
‘ 1 3

1 2 =5 and

= 15, as expected

9
-1 2

3. Interchange any two rows in A to obtain A’. Then
det (A") = —det (A)

13 1

€.g. ‘ 9 _q ‘ = —15 and = 15, as expected.

2 -1
13 1
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4. Add a multiple of one row in A to another to obtain A’. Then
det (A") = det (A)

1
-3

1

let A= s
cg A= —3 5| Ry— Ry+3Ry

g }. then det (A) = 14. Consider {

L3 , " — 12 e
~ { 0 14 ] = A" and det (A") = 14, as expected.

Note that Rules 2, 3 and 4 deal in particular with how elementary row operation affect the
determinant of a matriz. Rule 4 is particularly useful as it allows us to induce additional
zeros in a matrix to simplify the determinant calculation.

2 -1 3
Ex: Evaluate | 1 2 6
-3 5 1
2 —1 3| R;— Ry —2R; 0+t -5 -9 5 g
Soln 1 2 6 =11 2 6 :—‘ 1 19‘:—-1.
—3 5 1| Rs— Ra+3Rs 0t 11 19

5. If one row in A is a scalar multiple of another, then det (A) = 0. This makes sense,
since we can then apply an er.o. to get a zero row before applying Rule 1. e.q.

2 2 3 -1 - ~
3 1 _4 _7 |70 since Rg=—Ry.
1 6 2 1

6. det (A7) = det (A). This rule basically allows us to apply Rules 1-5 to columns as
well as rows.

2 1 0 -1 2t 1-

5 0 4 2 5 OF 3 2 e
Ex:| = . =0 =—| 7 0 1 |C3—0C3-2C
1 =3 0 4 |p ko an 700 0 1 0 1 9
0 0 -1 —2]| 8~ Hetsh 0 0t 1 —2 -t -
-5t 4 -6
=—| 7 0 1 |==(=(=1) - _16‘:—(—5+42)=—37.
ot —1- ot :

7. det (kb A) = k™ det (A) (This is simply an expanded version of Rule 2.)

[ 4]

. det({AB) = det{A)det (B) This is not an obvious rule, but a very important one

g B
which is used frequently in practice. e.g. let A = [ 23 } and B = [ b2 }

4 1 31
: - T T
Then det(A) = 2 —-12 = —10, det(B) = -1 -6 = -7, AB = { 1 9] and

det (AB) =63 — (=7) = 70 = det (A) det (B), as expected.
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9. An upper triangular matrix is square with all entries below the main diagonal equal
to zero. A lower triangular matrix is square with all entries above the main diagonal
equal to zero. Finally, the determinant of a lower triangular or upper triangular
matrix is the product of all the diagonal elements. For example,

123 Lo
i)|o 4 2 :m‘o ;‘:tlj(ijQ)—(0)(2]32(13(-1)(2]:8
00 2 .
‘)
L oo Jtoo 5 0
(i) | o=@ o o5 o l=@m| D | = (2)(1)(5)(4) = 40.
3 050 Lo 2 4
112 4

In particular, note that the identity matrix is both upper and lower triangular, so
det (I') = 1™ =1 for any order n.

10. A square matrix A is invertible if and only if det (A) # 0. This is the most important
rule of determinants.

From Rule 10, it follows that:

(i) det(A) = 0 shows that A is singular, 7.e. A~ does not exist. Compare this with

the case of a scalar a. If [a| =0 (i.e. if a =0), then a™! = % also does not exist.

det (A) # 0 shows that A is non-singular, i.e. A~ does exist.

(ii) Note that if A is non-singular, then AA~! = I. Hence,

ie. det (AA™Y) = det (1)
ie. det(A)det (A7) = 1
1
ie Gt (A=) —
e det (A7) det (A)
155 INVERSE
a bl 1 [d -b
2X2: =
c d ad-bc|-c a
3x3:
a b cl” . ei-fh ch-bi bf-ce
d e T = ei—ah-bdi+big+cdh-ceg o o & ~cg cd-af
g h g gdh—eg bg-ah ae-bd
Minor: Mij = Determinate of Sub matrix which has deleted ramd column j
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>

I
Q@ o w
> o
— =—h

Cofactor: Cij = Mij x (-2)¢*?

Adjoint Method for Inverse:
adj(A) =C'
a_ 1
det(A)

12 1t
Ex: Find the adjoint of A= | —17 07

adj(A)

1t 1 0f

|
D
x

Left Inverse:

AC=1I

c=(arAJ* A"

(when rows(A)>columns(A))
Right Inverse:

CA=1I

c=A"(an" )

(when rows(A)<columns(A))
15.6 LINEAR TRANSFORMATION
Axioms for a linear transformation:

If F (g +\_/) =Fu)+F(v) [Preserves Addition]
And  F(Au) =AF(u) [Preserves Scalar Multiplication]

Transition Matrix:
The matrix that represents the linear transforomati
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TV =cTW) + 6T (V) +..+ ¢ T(v,)

T(X) = AX

A=[T(e)|T(e,)|...IT(e;)] (With m columns and n rows)
(T:V - W,dim/) =m,dim\W) =n)

Zero Transformation:
T(v) =0,0veVv

Identity Transformation:
T(v) =v,DveV

15.7 COMMON TRANSITION MATRICIES

-

cosfl  sin#

ool T
Rotation (Clockwise): Y| |—sinf cosd] |y
|  |cosf —sinf||x
Rotation (Anticlockwise): :y’__ SN 6 cosf ||y
Tl |8z []] [:1:]
| =
Scaling: :y__ L 0 Sy _y
| |1 k||z
Shearing (parallel to x-axis): L :D 1: :y:
|l (1 0f|x
Shearing (parallel to y-axis): y! _k 1_ Y]
15.8 EIGENVALUES AND EIGENVECTORS
Definitions: All solutions  of Ax= Ax
Eigenvalues: All solutions ofA of det(AAl)=0
Eigenvectors: General solution of [Ad][X]=0 (ie: the nullspace)
Characteristic Polynomial: The functionp(A) =det(A-Al)

Result 1: Let A be annxn matriz and let p(A) be its characteristic polynomial. Suppose
that A is an etgenvalue of A with corresponding eigenvector @. Then:

(1) The leading coefficient of p(A) is (—1)".
(1) The constant term of p(A) is det{A).
(iii) A* is an eigenvalue of A* with corresponding eigenvector .

1
(iv) If A is invertible, then A £ 0 and Y is an eigenvalue of A™' with corresponding
eigenvector x.
Algebraic Multiplicity: The number of times a root is repeated for argive

eigenvalue.
Z of all algebraic multiplicity = degree of the
characteristic polynomial.

Geometric Multiplicity: The number of linearly independent eigenvectors

you get from a given eigenvalue.
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TV -V

Transformation:
T(X) = AX
The same process for an ordinary matrix is used.
Linearly Independence: The set of eigenvectors for distinct eigenvalges i
linearly independent.
Digitalization: For a nxn matrix with n distinct eigenvalues;nida
only if there are n Linearly Independent
Eigenvectors:
D=PAP
Where P = [Pl [P, ]...] Pn], P is an eigenvector.
A4, 0 0 .. O]
0 A, O 0
D=0 0 A 0
0 0 0 0 A,

Result 7: If B = C1AC, then
(1) the eigenvalues of B are the same as those of A.
(1) each eigenvalue of A or B has the same algebraic and geometric multiplicity, re-
gardless of which matriz they correspond to.

(iii) if @ is an eigenvector of A corresponding to an eigenvalue X, then C '@ is an
eigenvector af B corresponding to A.
Cayley-Hamilton Theorem: Every matrix satisfies its own polynomial:
P(A)=a A" +a,_A""...+al+a,=0
P(A)=a,A"+a_A"". +aA+a,=0
Orthonormal Set: The orthonomal basis of a matrix A can be found
with P = [P1 [P, |...] Pn], the orthonormal set will be

B:{i,i,___i}
[RIIR) TR

A=[u |y, |..|u,] = QR
dim(A) =nxk,k<n
All columns are Linearly Independent

QR Factorisation:

Q= [v1 |V, |...|vn] by the Gram-Schmidt Process

_”ql” u'v, Uy Uy e Uy
0 ”qz" u3TV2 U4TV2 UkTV2
R= 0 0 o u'vs - ulv
0 0 0 o] - w'v
o 0 o o . al
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15.9 JORDAN FORMS

Generalised Diagonlisation:

Jordan Block:

Jordan Form:

Algebraic Multiplicity:
Geometric Multiplicity:

Generalised Chain:

o] uev ugev
0 Ja| usev,
0 0
R=
0 0
0 o
P AP=J
A=PJP*
A 1 0
0 4 1
0 0 A
3y =
0 0 O
000
3, 0
0%
0O O

U,sV, ... Uc*V, |
UV, ... U.*V,
U oV, ... Uc*V,
o - uce v
0 o Jad |

o

0

0

1

A_

0

0

J

n

The number of timek appears on main diagonal
The number of timek appears on main diagonal
without a 1 directly above it

={u,.u,,.....u,,u}, whereu,is an eigenvector

U =(A=Alu,,
Uy :[A_/“ |Uk]

P= [Pl P, |...| P, |] for every eigenvector of A
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Powers:

A =pPJ“p™
J 0 ol [af o 0
Jk= 0 J, 0| _|o J,f 0
0 0 I 0 0 3,

15.10 COMPLEX MATRICIS:

Conjugate Transpose:

Hermitian Matrix:

Skew-Hermitian:

Unitary Matrix:

Normal Matrix:

A= AT

AY = A
(A+B)”= A"+ B"
(28 =

(AB)” = B"A"

(Similar to Symmetric Matricis in the real case)

A square matrix such thaf A

Eigenvalues of A are purely real

Eigenvectors from distinct eigenvalues are orthagjorhis leads to a unitary
digitalisation of the Hermitian matrix.

These are normal

A square matrix such thaf AA

Eigenvalues of A are purely imaginary

Eigenvectors from distinct eigenvalues are aytimal.

If A is Skew-Hermitian, iA is normal adiA)” = iA” = (=i )(- A)=iA
These are normal

(Similar to Orthogonal Matricis in the real case)

A square matrix such that A=l
Columns of A form an orthonormal set of vectors
Rows of A from an orthonormal set of vectors

Where AA” = A"A
These will have unitary diagonalisation

All Hermition and Skew-Hermitian matricis are noing@"A = AA= AA")
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Diagonalisation:
For a nxn matrix with n distinct eigenvalues; iflaanly if there are n Linearly
Independent Eigenvectors:

D=PAFP
Where P = [F’l [P, ]...] Pn], P, is an eigenvector.
‘A4, 0 O 0]
0 4, 0 .. O
D=0 0 A 0

e e O
0 0 0 0 A

If A is Hermitian, D = P"AP = P"AP as P are an orthonormal set of vectors.

Spectral Theorem:
For a nxn Normal matrix and eigenvectors form aharormal set

P=[RIP |..|P)]

A=APRPR +APP; +. . +ARP
Therefore, A can be represented as a sum otricisaall of rank 1.
Therefore, A can be approximated as a sum odldineinant eigenvalues

15.11 NUMERICAL COMPUTATIONS:

Rayleigh Quotient:

T /
x' Ax
R(x) ="
x'x
if (A;v) is an eigenvalue/eigenvector pairdfthen
viAv v (\w) v'v
R(v) = = = A = A\
v v v '

In particular, suppose that A is a symmetric matrix. Then we know that A can b
orthogonally diagonalized, i.e. there exists an orthogonal matrix ) such that

QTAQ = D = diag( A, Ao, ..., M),
where A, Ag, ..., A, are the (real) eigenvalues of A. Now, without loss of generality,
suppose that A; is the largest of all the eigenvalues, i.e. A\ > \;, for all i = 2.3, ..., n.
S1
: 52 .
Let @ be any vector in IR" and let s =Q'x = | ~ | € IR", so that © = Qs. Then
Sn
Riz) = xT Az _ sTQTAQs _ s"Ds _ ALs? 4+ Aasd + .+ A\, 82
T 8TQTQs s's st+s3+... +s2
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Since A; is the largest eigenvalue,

> Ast+ N2+ + Ags2

< Aq. " g "
R(x) < S R i.e. R(x) < Ay, for all x € IR

i.e. For a real symmetric matriz, the mazimum value of Rayleigh’s quotient is equal to the
largest eigenvalue of A. This fact can sometimes be used to find the largest eigenvalue of a
real symmetric matrix. (Note that the above argument is not valid if A is not symmetric.)

1 -2 0
Ex 1: Find the largest eigenvalue of A= | —2 1 0 | and the corresponding eigen-
0o 0 2
vector.
Iy
Soln: Let & = | 22 |. then
Ty
1 207 [z r1 — 219
eTAr =[ryzpa3] | -2 1 0 To | = [z 29 3] | 271 + 0| = 22 —dxy 2o+ 224222
n 0 2 T3 213
We have
.
R(z) = xT Ax
xTx

1?2 — dx120 + 25 + 202

af + x5 + 13
3r2 4 3235 — (222 + dwywo + 202) + 223

T? + :r% + :c%
322 + 323 + 323 — 2(xy + 79)% — 23
af + 23 + 2}
(2(zy + 29)* + 23)
r? + 23 + o3

3,

[

for all 1, x0 and x3. In other words, the maximum eigenvalue is A = 3. Note that
-1
R(x) =3 only if 23 =0 and z1 4+ 22 = 0, i.e. a corresponding eigenvector is & = 1

0

Power method:

If A is a nxn matrix with Linearly Independent Eigectors, and distinct eigenvectors
arranged such tha|rz11| 2 |/12 >..2 |/1n|and the set of eigenvectors af®;,V,,...,V, }

Any vector “w” can be written as:
W, =CqV, +CV, +...+CV,
W, = Aw, = GAV, +G,AV, +...+C,Av, =c AV, +C AV, +...+C AV,

Page 133 of 286




S S
A
—_ — S, S, S —_ 2
W, = Aw,, =cA v, +Cc A, v, +...+C AV, = A clv1+c{/1— V, +...+C, A—” A
1

Al <o im| [ 2] |=0
p A

S0
1

As

Ow, - cA’y,
Appling this with the Rayleigh Quotient:

1
W,
W = p{ s1 ],,] = R(w,), W, can be any vector usuallyO

S
Wy
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PART 16: VECTORS

16.1 Basic Operations:

Addition:

Subtraction:

Equality:

Scalar Multiplication:

Parallel:

Magnitude:

Unit Vector:

Zero Vector:

a +h
atb=|a, +b,
a, +b,
a —b
a-b=|a, -b,
a; —b,
a=be-a =b,a =b,a =0
katlb=Aa+ub=k=A,l=yu
ka,
ka =| ka,
kag
a=kb - gb

Dot Product: asb=|a| (b (coss
asb=a,b, +a,b, +a;b,
asb
Angle Between two Vectors: cosf = W
— glbl +§2t_)2 +§3t_)3
cosd = \/ 2 2 2 2 2 2
a’ +a," +a)’ |iyb +b,’ +b;
Y
) a cos@)
Angle of a vector in 3D: a=|2|= cos(f)
B |§ cos(y)
&
8l
Perpendicular Test: asb=0
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Scalar Projection:

Vector Projection:

A

aontob:P=a<b

Cross Product: ax b-(a b, - a,b,, a;b, —ab,, ab,-a,b)
axb=|a|[b|(3inGh
[@xbf =2 b/ (8in&
axb=-bxa
affoxc)=brlcxa)=crfaxb)
] ok
voraf & o) ol ol A
b b b
16.2 Lines
r=a+Ab, where ais a point on the line, and b is
a vector parallel to the line
Xx=a, +Ab
y=a, +Ab
z=a,+Ab
p=X"% _Y7a 7278
b b, b,
16.3 Planes
ne AR=0
ner=nea
ner =k
Wheren=(abc)&r=(xy,z): ax+by+cz=k
16.4 Closest Approach
Two Points: d= P_Q(
Point and Line: d= %xa
Point and Plane: d=|PQe*n
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Two Skew Lines: d =‘%- Q =‘P_Q° (gxt_J)(

[r, (1) -1 (t)] v, -v.]=0

Solving for t:
IO L Lw] =0

16.5 Geometry

. |ABx AC|
Area of a Triangle: A= —
Area of a Parallelogram: A=|ABx AC|
Area of a Parallelepiped: A=|AD- (ABx AC)
16.6 Space Curves
Where: ri)=x@)i+y)j+ z(t)k
Velocity: vit)=r'(t)=x')i +y'(t)j + Z(t)k
Acceleration: a)=v@)=r"@®)=x"Q)i+y't)) +z'(k

Definition of “s™:

The length of the curve from r to A+

_dr_r'@®
Unit Tangent: ds |r'(t)
T/=1
Chain Rule: dr =£><d—S
dt ds dt
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Normal:

dT:
ds
.dT_

ds

-

AR 0

T

0
As T is tangent to the curv%lis normal

o)

~ [T
ds

Curvature: d—T = dt N =N

ds |ds
dT| _[r@® =@ _ o) xa)
ds| el v’

Ok =

Unit Binomial: B=TxN

Tortion: T=

16.7 Vector Space

16.8 ABBREVIATIONS
A = a scalar value
u = a scalar value
0 = the angle between the vectors
a= a vector
b= a vector
k = a scalar value
| = a scalar value
n=the normal vector
r = the resultant vector
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PART 17: SERIES

17.1 MISCELLANEOUS
General Form:
Infinite Form:

Partial Sum of a Series:

S =a+a,+a+ta,t.ta =)a,
n=1

S,=a+ta,+ta,+ta, +..= )

n=1

S=a+a,+a,+a,+..+q =) a,
n=1

17.2 TEST FOR CONVERGENCE AND DIVERGENCE

Test For Convergence:

Test For Divergence:

Geometric Series

> ar

n=1
P Series
w1 X"

The Sandwich Theorem

lim (S,) =L, ifLexists, it is convergent

n-oo

lim (a,)#0

n-oo

© .. Divergent|r|>1
Convergen,1r| <1

i 1 | Divergenfp<1l
Convergentp>1

If there is a positive series so thag < b, <c,

it |im (&) =lim (c,)=L, then. [jm (b,) =L

n-oo n-oo

n-oo

Hence, ifa,, & C,are convergent), must also be convergent

The Integral Test

If a, =f,if f, is continuous, positive and decreasing

00

If S, or J f ( x ) Istrue, then the other is true

1

1

1
=—_=f ==—=f
&= o )

X

Eg:

U a,is divergent

The Direct Comparison Test

a T fodXx= ]%dx: [Inx]7 =DNE.
1 1

If we want to tesa,, and know the behaviour df, , where@, is a series with only non-negative terms
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If b, is convergent and,, < b, , thena, is also convergent

The Limit Comparison Test

If there is a convergent seri§ C,,thenif ||m (3j <o, thenz a, converges
C

n=1 Nn— oo n n=1

(%} >0, then Z a, diverges
n=1

n

If there is a divergent seri€y d, , then if |jm)

n=1 n- oo

D’almbert’s Ratio Comparison Test
FOR POSITIVE TERMS:

Converges: lim By <1
e a,

Diverges: lim & |1
e a,

Not enough information: lim By =1
e a,

The n" Root Test
For ) a, wherea, 20, theniif |jm) o/a, .
n=1

n-oo

Converges: limva, <1
N oo

Diverges: lim na, >1
Nooo

Not enough information: limva, =1

n-oo

Abel’s Test:

0 0o
If Z a, is positive and decreasing, a@: C, is a convergent series.
n=1 n=1

Then Z a, X, Converges
n=1
Negative Terms

If Z|an| converges, therEa.n is said to be absolutely convergent

n=1 n=1

Alternating Series Test

This is the only test for an alternating seriethie formz a, = z (-D)" xb,

n=1 n=1
Let b, be the sequence of positive numberdyJf, <b and |jm b, = 0. then the
Nn-oo

series is convergent.

Alternating Series Error
|Rn| = |S— Sn| <b,,,, where R is the error of the partial sum to th® term.
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17.3 ARITHMETIC PROGRESSION:

Definition: aa+d,a+2d,a+3d,...
Nth Term: =a+d(n-1)
Sum Of The First N Terms: Za—— (2a+d(n-1))

17.4 GEOMETRIC PROGRESSION:

Definition: a,ar,ar?,ar?,
Nth Term: —ar™
Sum Of The First N Terms: S,=>a= a(i—r )
a=1 =r
Lo T a(l—r“) _a :
Sum To Infinity: S. =lim . =7 (given|r|<1)
n- o -r -r
P,AQ,...
Geometric Mean: A r,g =r
P A
DS:%:AZ =PQ= A=,/PQ

17.5 SUMMATION SERIES

Linear: 1+2+3+4+. .. Z'i a= n(n2+ 1)
a=1
Quadratic: 12422+ 3+ 4%+ ., Znaz _ n(n+1)éZn+1)
a=1
n 2
Cubic: B+23+33+4%+. . Z as = ( n(n2+ 1)]
a=1

17.6 APPROXIMATION SERIES

Taylor Series

oo f())<0
frg =28, (0 5)" =2 ()" =2y +8,(X ) + 85 (X~ 5)* +y(x-)° +..

n=0

f ™)
nl

where,a, =

Maclaurun Series
Special case of the Taylor Series whage= 0
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Linear Approximation:
1

foo = Loy Zan(x o)=Y f*°’(x %)" =8+ & (x = %)

n=0

Quadratic Approximation:
2

fiog = Quy = Zan(x )" =3 f*‘”(x %) =8 + 2 (X~ %) + 2, (X~ %)’

n=0

Cubic Approximation:

( 3
fg = Cp Zan(x )" = T ()" = 8 + (X X) + (X X) + 8y (x= %)’

n=0

17.7 MONOTONE SERIES

Strictly Increasing: a,. >a, B 5q
a,
Non-Decreasing: a.,a,
Strictly Decreasing: a,.,<a, B o
a,
Non-Increasing: a, <a,
Convergence: A monotone sequence is convergent if it is boundad,hence the

limit exists whena,, — o

17.8 RIEMANN ZETA FUNCTION

Form: Z(n)=§k—1n
Bs,(2m)?n
((2n) = (-1)"" 3?[(2?1})!
Euler’sn'l;aéble: — — -
Z(Z):;F:1+Z+§+ :g
n=4 5
Z(4)=;k—£=1+1_16+8il+2i56 _%
n=6 5
5(6)=;k—16= +6_14+7:;9+4;96+"'=£5
n=8
10 5(8):%
n= 0
Z(10):937’7;55
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n=12 6917
2= —
63851287

n=14 27+

¢(14)=

1824322

n=16 36177°
Z(e)=—
32564156650

n=18 4386771
Z(18)=
389792954012°F

n=20 174611
¢(20)=
15313294629062"

n=22 15536672
{(22)=
134478569064312!

n=24 236364094
Z(24)=
2019195716375652185

n=26 13158627
Z(26)=
110944819603057812

Alternating Series:

i((-”") zl_l+1_1+1—---=a.rct.aml=z
n=l 2”'+l 1 3 9 7 9 1
i((—l}jr)g_i+i+i—l—i+ -
“\2n+l) 12TRTRT 8
(="} 1 1 1 1 _
,;(znﬂ) TETRETR BTy
iwar_l+l+l+l+ -

n=l l'\zn' + 1 1‘1 34 54 T‘l 96

i ((_1}:1)5_ 1 1 N 1 1 n - 5"T5

n=>0 "\2”- 4 1 1° 3"} 5!-' Tr} 1536
ir(_1}")ﬁ_1+ PR IR S
\2n+1) 18736 756770 260

Proof for n=2:

3 X5 X7

Taylor Series ExpansionSin(X) = X——+—-——+...
3 9 7

sin(x) = x(x - 71)(x + 71)(x - 27)(x + 271)...
Polynomial Expansion: Sin(x) = X(X2 - 722)(X2 - 47'[2)(X2 —9722)..

neg = Ad1-X [ 1- X |- X
sm(x)-Ax{l nzj(l 22]72}(1 32]72]...
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|im(s'”(")j =A
X-0 X
3 5 7 2
_X_ X_—X_+___: 1—X_ 1-
3 5 7 T
_1__ 1 _ 1 _ 1 _ 1
I_ - 5 2 2 2 'Rl
Comparing the Coefficient ofx 3 mo2m ¥ A
T _ 1 1 1
—=lt+t—=+=+—=...
6 2> 3F 4

17.9 SUMMATIONS OF POLYNOMIAL EXPRESSIONS

n
Zl
Z_

T

=n+1-m

H,
(Harmonic number)

(n+1—m){n+m)

.,_.

=

i=m 2
" (m+1)Z . nr+1)(2n+1)
iy T ;

I .
3 nfn+1 L PN
e (M )—4 Nt
if4 _n(n+ 1)(2?1 +1)(Bn*+3n-1) n°
=" | 30 5 2
ifﬁ — (n+ ”PH a B p (n+ 1]p—k+1
pord p+1 op-—k+1\k
Bernoulli nlljjmber
(Za) =Y (i —am(m—1))

n

i

i=m

+ ) i

i=m

n
> =

i=m

()

17.10 SUMMATIONS INVOLVING EXPONENTIAL TERMS

Wherex;tl

™ — "
Z z’
i—mn 1_ £ (m<n)
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E}

X2

7

X2

7

=

3

n n

%

o
-

2

mn

3 30

where Bi-denotes a




i=0 — ' (geometric series starting at 1)
E i T nz" + (n — 1)a"*!
= (1-2)?
Y i2'=2+(n-2)2"
i=0 (special case when= 2)
n—1 l B n 4 1
i=0 20 2n-t (special case when= 1/2)
o Lk
z
DEEE
= k! .
X,z
;\;3 k o= %€
> 2" -
> I:EF = (z + 2%)e’
k‘;ﬂ Z-‘C
Zkgm (z +32% + %)’
k=0 -

=

ZL*{——{z+?z +62° 4+ 2%)e
k=0

o0 I
!

o0 zﬁ: dccu k:

n= o L _._-n—'lz_: =
>k o zdzZR i e T,(z)

k=0 k=0
where t:’z)|s the Touchard polynomials.

17.11 SUMMATIONS INVOLVING TRIGONOMETRIC TERMS

i l)kzﬂ:-i-l .
- . —sinz
e~ (2L + 1)!
= ( 2k+1 )
— = sinh
;;3 ST = sinh z
o0 ( 1)k 2k
;; {21;)! = COSz
0 2k
; on! = coshz
0 1)&— 42‘25:. . 1)22#3%221:—1 B T
g o) = tanz,|z| < 3

(22.& 1)225;ngz2k—1
(2k)!

m
= tanhz, |z| < 3
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0o [ 1\k92k 2%k—1
2 — 2{23;’3#2 =cotz, |z| <7
hS 0%k pg sz—'l
> (22;;)' =cothz, |z| <7
k=0 )
o [ 1yk=1792k L 2%k—1
PR {2{2@?)3%2 = oscz, |z <m
k=0 )
= _(2‘2#.: . 2)3%22!:—1
Z 25! =cschz, |zl <7
k=0 '
= (_1\k 2%k
> (=1) Eaiz =secz,|z| < il
] (2k)! 2
E,. 22k
Z 225";' =sechz, |z] < %
kQ:GD ((Z)-IL) 2%+1
EE“(H) o) arcsin z, |z| < 1

. (~1)¥(2h)122
Z 2% (K1)2(2k + 1)
(—

= arsinh z, [z| < 1

o0 l)h 2k+1

E ———— =arctanz, |z| <1
= 2k+1

B 2k+1

= artanhz, 2] < 1

+
>, (—1)*1(2k)1>
> S~ (14 VIT ) e <1

k=1
sin(kfl) w7 -4
k

Lo
|

> = ,0<8<2m
- ?
Y costM) L2 —2cos8).0c R
k=1 k !
Zsm[(?k+1)6‘] _ T o<h<n
=  2k+1 4’
n! =1 Th
B,(r) = ~gn=tgn Z o 908 (Eﬂ'kﬂ: - 7) D<xr<1
{TH‘] o

)
Esm 01 ka) = sin = sin{f + &2)
= sin ¢
. Tk T
Z siln — = cot —
— n 2n

2 —

Ecs@(ﬂ—}—ﬂ)—n csc? (nd) zcszﬂl:n :
k=0 [,c_ n 3
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sk nt4 1007 - 11
Y esct— =
. : 45

17.12 INFINITE SUMMATIONS TO PI

1 ((2n))3(42n+ 5)
=z Z = 1-;3 (nl)f16%+1

4 & (- 1)“(4n)?(21460n+ 1123)
n=g 7 ,_;. (n!) 441771100+

P NULDION
m = z Z—; 4}1{ 37}3

72 & (—1)"(4n)!(260n + 23)
T=7 Z= ;l (n!)*44n182n

3528 5 _ i (—1)"(4n)!(21460n + 1123)
"=z T & (nl)*44n8822n

17.13 LIMITS INVOLVING TRIGONOMETRIC TERMS

lim sinx = sina
I—a

lim cosx = cosa
T—sa

. sinT

lim =1

r—+0 1 T

. — COST

im —— =10
x— T

i l —cosx 1
m —- ==
x—0 T2 ??
lim tan (?r-.r + 5) = Foo for any integer n
e o
ABBREVIATIONS

a = the first term
d = A.P. difference
r = G.P. ratio

17.14 POWER SERIES EXPANSION

Exponential:
o0 &
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3 kQF = (z+4 2%)e

ﬁ::,zgn z,\.

b kE'F = (z4 322 4+ 2*%)¢”

= zi‘: .

Z HE = (z 4+ 722 + 62° + zY)e*

k=0 "

o0 k o0 k
k"z—:zi A nlz

kz::‘] k! dz ; k! Tn(2)

©_ (—1)F1(2k)12% —s
1“?+Z( 22}k+1;5(kl})l.2 :]n(1+ 1+z?)-‘]z| <1
=1 ] .

Trigonometric:
) o e S
smr=r— —+ —— — +---

315 7

o0 (_1)71—122!1.(2‘211 . l)BgﬂIzn_l

=2 (2n)!

1 2 17
:i+§I3+EI5+EI?+"" f0r|:t:|~=::%.
(_1}n+12(2?n—1 _ I)anmﬁn—l

cscT = Z (2n)!

n=>0
1 7 31
—_— -1 — — 3 # 5 PR
=TT 4 pT+ gt + e for 0 < |z| < 7.

e — i Uy _ i (—1)"Eypa®
’ n=0

(2n)!
1, 5, 6l

50+ T g s for |z| < ~.
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. 1)712211 Bgﬂ:ﬂ?ﬂ 1

— (2n)!
1 1 2
I T - S - B
- T3 Tt Tt ‘
o0 z‘Zﬁ:-I—l
—— =sinh
;;;. 2% 1) = sinh z
o0 ziﬁ:
;;-. o = coshz
o0 22.&: o 22.&: i 2k-1
Z b _ }Bﬂz = tanhz, |z| < T
k=1 (2'{‘) 2
52k %1
> 2 ?5_?;! = cothz, |z| <7
k=0 )
X (2% _ 2) By 2!
z 28] =cschz, |zl <7
k=0 )
- Eg_;;zgk m
=sechz, |z| < -
; (2] sech z, | z| 5
o0 (2k)'22k+1 B ‘
E TRk ) arcsin z, [z| <1
oa ( 1)‘“’(2#)?2%‘"1 B »
Z PRIk D) arsinh z, |z| < 1
k=0
] 1)k22k+1
Z ~——— — — =arctanz,|z| <1
= 2k+1
i S2k+1
= artanhz, 2] < 1
2k +1 '
k=0
> 6
oo i ) - Eﬁ,Ddﬂc:?ﬂ

=
I
—

Nk
L]
O
2
>
o
R

1
= —iln(Z— 2cosf8),0 € R

=
I
—
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isin[(?k—l—l)ﬂ] T 0<pen
= 2k+1 4
n!l =1 ™
B,(z) = —5— EZ—HCGS(Z?TLE——
2n— 1y kZI{iu 2
mn H n o 3 T
> sin(f + ka) = Si?’i{ —
b= 3
. wk T
Y sin— = cot —
— n 2n
n—1
Z csc? (!5' + ﬂ) = n?esc?(nd)
k=0 ”
n—1 2 _
Yes2 o -2 1
k=1 n 3
wlo,wk nt410n7-11
Y esct— =
- n 45
S 2% (k!)? W2 _

;;. E+1)(2k+ 1)

Exponential and Logarithm Series:

o= (1 (32 (3= (1= (3

= (arcsinz)’, [z] < 1

=X__J-
R4 X+1
2l g2 2% gt f >
111(1+I)=__E+3_I+3_ = o
1 —-0x+ 7
2 -1z +
32+ 3
-2
4%
4 -3z +
5 —dx A
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o g (22)?

3y+x) - {

3y + - '2 5(y+x) — ——
£ ?—(y+

Fourier Series:
£, (%) :%+Zak cosk®) +h, sin(kx)
k=1

fw (X) = % +a, cos() +a, cos@x) +...+a, cosfix) +b, sin(x) +b, sin(2x) +...+ b, sin(nx)

17.15 Bernoulli Expansion:

Fundamentally:
A polynomialin n(n+1) k odd

T +2°+3+. . +n = L
(2n+1) x A polynomialin n(n+1) keven
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Expansions:

1+2+3+...+n=%n(n+1)

1+2+3+...+n:1n2 +1n
2 2

(R
1+2+3+...+n== B,n“+| |Bn
210 1

1?+22+3%+..+n° =(2n+1)%n(n+1)

PP+22+3%+..+n? =ln3 +1n2 +1n
3 2 6

P42 4P+ 4’ =t 3 B,n® + 3 Bn® + 3 B,n
3.\ 0 1 2

P+2°+3%+. . +n°=(1+2+3+..+n)
PB+2°+3+..+n° :%(n(n +1))?

P+ +F+ +nt=tnteineelp

4 2 4
4 4 4 4
P+2°+3+..+n° :%((OJBOn“ +(1j Bn® +(2j82n2 +(3)Bgnj

1*+2*+3"+...+n* =(2n +1)% n(n+1)(3n(n+1) -1)

+2*+3*+...+n* =én5 +1n4 +ln3—in

30

5 5 5 5 5
1°+2°+3*+..+n :é((o]Boﬁ +(1] Bn* +(2]an3 +(3]Bgn2 +(4]B4nj

1K+ +3< 4 4k :ﬁ[(k;—]}Bonkﬂ+(k;—1j3_nk+l_l+(k-2|-1j82nk+l_2+"'+(

List of Bernoulli Numbers:

n B(n)
0 1
1
1 —_
2
) 1
6
3 0
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k+1 ,
k1)

k+
k

o




4| -1
3¢
5 0
6 1
42
7 0
1
8 _
3¢
9 0
0| 2
66
11 0
| _ 691
273(
13 0
7
14 -
6
15 0
6| 3617
51¢
17 0
Lo | 43867
79€
19 0
b0 | 174611
33¢
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PART 18: ELECTRICAL

18.1 FUNDAMENTAL THEORY

Charge:

Current:

Resistance:
Ohm’s Law:

Power:

Conservation of Power:

Electrical Energy:

Kirchoff's Voltage Law:

Kirchoff’'s Current Law:

Average Current:

RMS Current:

A to Y Conversion:

q = 624x10"Coulombs
- da
dt
_ot
A
V=IR

2

P=VI=I 2R:V—

R

Z Peonsumen = Z PoeLveren

t
W:thzlszxt:det
0

The sum of the volt drops around a close loomjisgakto zero.

dV=0

The sum of the currents entering any junctiorgisaé to the sum of the

currents leaving that junction.

ZIIN :Zlom

1T
| e :?ll(t)dt

I ave = % x Area(under I(t))

wFa
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R - RR.*RR +RR

R
_RR, +RR, +RR;
Ry
R,
_RR+RR +RR
R
R,
18.2 COMPONENTS
Resistance in Series: R =R+R,+R+
Resistance in Parallel: 1 = 1 + 1 + 1 +
R R R R
Inductive Impedance: X, = jal = j27fL
: 1 1
Capacitor Impedance: Xo=—j—=—-j——
P g e~V T onc
Capacitance in Series: 1 :i 1 +i
C, C C G
Capacitance in Parallel: C. =C, +C,+C, +

Voltage, Current & Power Summary:

Relation Resistor (R) Capacitor (C) Inductor (L)
‘R 1 fr it 4 (i) di
U~ v =1 v= — P dt+ vt v=L—
cJ, ‘ dt
i i /R ] C'JU ] ! /" Fdf +i(t)
i-v: I =v i =C— i=— | ia l
ﬂrf L W1 ’
, v’ |
p or w: p=i"R=— w = —Cv* w = —Li*
R
Series: R.=R +R; g = - L,=L +1L;
e cAayoR T
RR; i LiL,
Parallel: R, = Coqq=C1+ G, Ly =
R+ R, L+ L,
At de: Same Open circuit Short circuit

Circuit variable
that cannot
change abruptly:  Not applicable v
18.3 THEVENIN'S THEOREM

Thevenin’s Theorem:
V;,, = Open Circuit Voltage between a & b
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R, = Short Circuit any voltage source and Open Ciranit current source and calculd,, as the
resistance from a & b. With dependant sources,ed@ibhals a & b and calculate the current in theewir

V,
(Ise)-Reyy =71

ISC

2
Maximum Power Transfer Theorem: Puax =% ,whereR =R,
H

18.4 FIRST ORDER RC CIRCUIT
18.5 FIRST ORDER RL CIRCUIT

18.6 SECOND ORDER RLC SERIES CIRCUIT

R
MWW
+ g —C
Vi @ @
ZoJo Y2
L
Calculation using KVL:
-Vg+Vyg+V +V. =0
Vg +V, +V. =V4
Ri +L d—' +V. =V
di
Circuit current:
dv,
i=i,=C—=
¢ dt
di d?V,
dt dt’
O RCOIVC +LC dz\ic +V. =V
dt dt
LC dz\éc + RCdVC +V; =Vq
dt dt
dZVC +B%+ivc :&
dt* L dt LC LC
Important Variables
Standard Format: s?+2as+w’ =0
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: 1( R]
Damping Factor: a=—|—

2\ L
av,
Natural Frequency: S=
dt
ic)
Undamped Natural Frequency: &) =.|| —
LC
Damping Frequency: w, = %2 -a?
Mode Delta: A=a’- a)02
Ve V. t):TRANSIEN'{FFINAL
Solving:
s? +BS+ i =0
L LC
s=-a+\a’-w’ =-a+JA
Mode 1:
If: A>Q0,then:
s=-azh

V. (t) = TRANSIENT + FINAL
TRANSIENT = Ae®™ + Be™
FINAL =V, (0) =V,

V. (1) = Ae™ + Be™ +V,

Finding A & B:
Ve (07) =V (07) =V,
O0A+B+V, =V, - A+B=V, -V,
av - Ase® +Bs,e™
dt
dve (0) _ic(0) _i.(0) _i,(0) _ 1, _ As +Bs,
dt C C C C
V,-Vs=A+B
H I—O = As +Bs,
C
Mode 2:
If: A=0,then:
s=-a
V. (t) = TRANSIENT+ FINAL
TRANSIENT= (A+Bt)e™ = (A+Bt)e™
FINAL =V, (0) =V,
V. (t) = (A+Bt)e™ +V
Finding A & B:
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Ve(0) =V (0) =V,
0A+Vs =V, - A=V, -V,

d\:c = (A+ Bt)s€" + Be"

dve (0) _ic(@) i (0") _i,(0) _|

dt c T c ¢ ¢ fetB
V, -V = A
. IEO =As+B
Mode 3:
If: A<O0, and lettingcy, =/’ —a? , then :
S=-a*jw,
V. (t) =TRANSIENT+ FINAL
TRANSIENT= (Acos,t) + Bsin(ayt) Je™
FINAL =V, (0) =V,
V. (t) = (Acosiw,t) + Bsin(w,t))e™ +V,
Finding A & B:

Ve (0') =V (07) =V,
OA+Vs =V, - A=V, -V
(s\VA
dt
0V, (0) _ic@) _i0) @) 1y _ g
dt C C C C
V-V =A

DI—":Ba)d -aA
C

= (- Aw, sin(awt) + B, cos@yt))e™ - a(Acosyt) + Bsin(wt))e™

w, —aA

Mode 4:
If: R=0, then:

a=0w, =w,
s=tjw =*jw
V. (t) =TRANSIENT+ FINAL
TRANSIENT= Acost) + Bsin(w,t)
FINAL =V (O) =Vq
V. (t) = Acosjt) + Bsin(ayt) +Vg
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Finding A & B:
Ve (07) =V (07) =V,
UA+V =V, - A=V, -V,
dv.

C —

e Aw, sin(awyt) + Bw, cost)

dV, (0") _ic(0") _i,(0") _i,(0) _|

_O:Ba)d
dt C C C C

Current through Inductor:
.. _~dV.
I, =i =C—+=

dt
Plotting Modes:
Mode 1. Over Damped

i((r) A

Mode 2: Critically Damped
(1) A

0

= |

Mode 3: Sinusoidal Damped
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(1) A

0

Mode 4: Not Damped

(Oscillates indefinitely)

18.7 SECOND ORDER RLC PARALLEL CIRCUIT

I
_':,
\Vi R L =—C
Calculation using KCL:
ig= g +1i, *+ig
. A dv
lg = —+1_ +C —
Node Voltage:

_, dip _

Vi =L—=V
dt

d_V:LdZi'—
dt dt?

. _Ldi . d?i
DlS:E—L+|L+LC dtZL

d%,  Ldi :
LC—F+—=—F+i, =i

d® Rdt - °

d4, . 1di 1. _ 1.

2 t——— ot I =<ls
dt RC dt LC LC

Important Variables
Standard Format:

Damping Factor:

Undamped Natural Frequency:

Damping Frequency:

Mode Delta:

s?+2as+w’ =0

“3(we)

a’__ -

2\ RC
gl

“ LC

w' -a

A:az_%z

Wy = ’
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Solving:
s? +is+i =0
RC LC

s=-—a*a’-w’ =-a+JA

18.8 LAPLANCE TRANSFORMATIONS

Identities:
e 1
1. L{1} ==, s=0
Toos
2. L{e¥} = ! s> a
: = s>
o . n! .
3. L{t“‘}: ey g = ()
; ¥ : i b
4. L{sin(bt)} = T 57 0
B L{cos(bt)} = 3 j—bg s =0
o atent n! ~
6. L ‘{E‘f tf. } = m, = (1
. . b
7. L{e%sin(bt)} = s>a

(s —a)?+ b’

8. L{e cos(bt)} = o

9. L{f+g}=L{f}+L{g}

0. £{cf}=cL{f}

L1 L{ef()} (s) = L{f} (s —a)

12. L{f'}(s) = sL{f}(s) = f(0)

13. L{f"}(s) = s*L{f}(s) = sf(0) — f'(0)

4. L{f™M}(s) =s"L{f}(s) — "7 (0) — ... — fD(0)

5. L{"f(t)} (s) = (=1)"

d* o
dsnL{f}[SJ
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Properties:

Property f(t) F(s)
Linearity ay fi(t) +ax folt)  a Fi(s) +ay Fa(s)
Scaling fat) r (i)
o a
Time shift f(t —au(t —a) e “F(s)
Frequency shift e (1) F(s +a)
Time af sF(s) — f(07)
differentiation dt
“f ’F 0~ '(0”
s s°F(s) —sf(07) — f(07)
d? ,
d—j s'F(s) = s £(07) —sf'(07)
) —f"(07)
<7 s"F(s) = s"Hf(07) —s" 2 f7(07)
dt? L fl{n—l}l([)—)
! 1
Time 1ntegration f f(r)dt —F(s)
0 5
d
Frequency tf(t) 7 F(s)
differentiation s
t o
Frequency & f F(s)ds
integration ’ s
. . F
Time periodicity f(ty= f(t +nT) %
I €—5'
Initial value F(0%) lim s F(s)
F—= 00
Final value f(o0) 1in% s F(s)
Convolution fi(r) % fi(r) Fi(s)Fa(s)
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18.9 THREE PHASE -Y

1)
@
Line current

g

(\f?\}. Line voltage Phase current

Phase voltage

Line Voltage: V g =Vpuase X J3

V,
Phase Voltage: Vpase = —NE
J3
Line Current: I ne = Vpnase
Phase Current: I prase = 1 Line

S= \/é XVine X T une

S =3%Vouase* | priase

Power:

18.10 THREE PHASE — DELTA

Q@
2/ Line current
Line voltage >/
Phase current
. O
Phase uoltag
Line Voltage: V, ,\e =Veuase
Phase Voltage: Vouase = Vine
Line Current: e = |pHASEX\/§
I

Phase Current: | = _LNE

PHASE \/é
Power: S=4/3 *Mone * e

S=3XVppase* I ppiase
18.11 POWER
Instantaneous: P(t) =V (t)xI1(t)
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Average:

== j P(t)dt =
2
Maximum Power: B, = M
R
Total Power: =l que R
Complex Power:
S =Vrus! rus
S=1lpusZ
S=P+jQ

Viax | max COS(G(, 8)

RMS RMSCOS(Q/ 5)

whereZ =7,

where P = Average or Active Power (W) [positiveoad, negative = generator]

where Q = Reactive Power (VAr) [positive =

18.12 Electromagnetics

Definitions:
Magnetic Flux
Reluctance
Permeability

Magnetomotive Force
Flux density
Magnetic Field Intensity

wOXxOO6

H
Permeability of free space:

Magnetic Field Intensity:

Reluctance:

Ohm'’s Law:

Magnetic Force on a conductor:

Electromagnetic Induction:

Magnetic Flux:
Electric Field:

Magnetic force on a particle:

induetinegative = capacitive]

Strength of magnetic field Wb
Relative difficulty for flux to establish A-t/Wb
Relative ease for flux to establish H/m
Ability of coil to produce flux A-t
Flux per unit area WH/or T
MMF per unit length -tAn

Uy =4mrx107" Hm™

_O_N
0o
0==+
LA
o= orO=NI
0
F =BI/
EMF =-N P2~ %
EMF = Bw/
® =BA
_F_Vv
q “d
F =qvB
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PART 19: GRAPH THEORY

19.1 Fundamental Explanations

List of vertices:
List of edges:

Subgaphs:

Degree of vertex:

Distance:
Diameter:

V ={v,,v,,v;,...}

E={e.&,8,. .}

Any subgraph H such that

V(H)OV(G) & E(H) O E(G)

Any subgraph H wher® (H) =V (G) , there are no cycles
and all verticies are connected.

Number of edges leaving a vertex
> d(v) =2E(G)|
VIV (G)
d(u,Vv) =Shortest path between u & v

diam(G) = max ){d(u,v)}

Total Edges in a simple bipartite graph:

Total Edges in K-regular graph:

19.2 Factorisation:

1 Factorisation:

1 Factors of aK | bipartite graph:

1 Factors of aK,, graph:

19.3 Vertex Colouring

|E((3)|=[\/(X)I[\/0()I
2

2. d(x) =2 d(y)

XX vy

k(k -1)

CORLS

A spanning union of 1 Factors and only exists dfréhare an
even number of vertices.

F = [112233,.]
F,= [122334,..]
F,= [132435..]
F =

n
where all numbers are MOD(n)

F, ={(1»),(20),32n-2),...,(n,n+1)}

F ={(i,%),(i +12n=2+1),...(i +n—1,i +n}
Fop =

Where all numbers are MOD(2n-1)
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Chromatic Number:

Union/Intersection:

Edge Contraction:

X(G) = 3if there are triangles or an odd cycle
X(G) = 2if is an even cycle
X(G) 2 nifis K is a subgraph of G

fG=G UG, andG, n G, =K, then
P(G,A) - P(GPA)P(GZ!A)

P(K,,, 1)

P(G,A) =P(G-¢A)-P(GegA)

Common Chromatic Polynomials:

19.4 Edge Colouring:

P(T,,A) = A(A -1
P(C,A)=(A-D"+(-D"(1 -1
P(K,,A) = A -D(A -2)...A —n+1)

Common Chromatic Polynomials:

Where the highest power is the number of vertices
Where the lowest power is the number of
components

Where the the coefficient of th8%highest power is
the number of edges.

X'(G)2A(G)
X(K,)=n
X'(Cp) =2
X'(Cpa) =3

X' (K;)=2n-1
X' (Kag) =2n+1
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PART 99: CONVERSIONS

99.1 LENGTH:
| Name of unit || Symbol || Definition | Relation to SI units|
langstrom | A |l=1%x10"m = 0.1 nm |

lastronomical unif AU

|~ Distance from Earth to Sun |~ 149 597 871 464 nj

lfoot (Benoit) (H) || ft (Ben)

barleycom (H) oundingyC 1ote 8bove BOUL iz 6,46 x 107 m
bohr, atomic unit ~5.291 771%

’ & = Bohr radius of hydrogen 0859 x 10~ +
of length 36x102°m
cable length = 608 ft = 185.3184 m
(Imperial)
cable length = 1/10 nmi = 185.2m
(International)
cable length _ _
(U.S) =720 ft =219.456 m
chain (Gunter's; = 66 ft=4 rods = 20.1168 m
Surveyor's)
cubit (H) i 1Dé?rt]ance from fingers to elbopy, 05m
lell (H) lell |I=45in |=1.143 m |
[fathom || fm |= 6 ft |l=1.8288 m |
[fermi [[fm l=1x10"m l=1x10"m |
lfinger | |l=7/8in ||=0.022 225 m |
lfinger (cloth) || |= 4% in |=0.1143 m |

|~ 0.304 799 735 m

foot (Clarke's;

(International)

Cape) (H) ft (Cla) ~ 0.304 797 2654 m
[foot (Indian) (H) || ft Ind I |~ 0.304 799 514 m |
foot ft =l yd = 12 inches =0.3048 m

[foot (Sear's) (H) || ft (Sear) | |~ 0.30479947m |
fSOUOI‘tV(eL)J/')S- ft(US)  |=1200/3 937 m ~0.304 800 610 m

[french; charriere|| F |= % mm 1=3.3x10'm |
lfurlong || fur |= 10 chains =660 ft=220yd || =201.168m |
lhand | |l=4in ||=0.1016 m |
linch llin |= 1/36 yd = 1/12 ft || =0.0254 m |
league (land) || lea |= 3 US Statute miles | =4828.032m |
light-day | |= 24 light-hours | =2.590 206 837 |
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12 x 13° m
light-hour = 60 light-minutes ; 418.g7><9126522m
light-minute = 60 light-seconds ; 418-7><9§(;’5rﬁ
light-second = Distance light travels in one |_ ;49 795 458 m

second in vacuum
. = Distance light travels in =9.460 730 472
light-year Y. vacuum in 365.25 days 5808 x 16° m
lline I = 1/121in || =0.002 116 m
link (Gunter's; = 1/100 ch = 0.201 168 m
Surveyor's)
link (Ramsden'si =11t = 0.3048 m
Engineer's)
metre (Sl base m = Distance light travels in 1/299_ 1m
unit) 792 458 of a second in vacuuny
Imickey | |= 1/200 in =127 x10m |
Imicron M I |=1x10°m |
Imil; thou || mil |l=1x10%in |=2.54 x 10° m |
mil (Sweden and) — 10 km ~ 10 000 m
Norway)
Imile || mi |= 1760 yd = 5 280 ft = 80 chaiffs 1 609.344 m |
mile
(geographical) =6 082 ft =1 853.7936 m
(H)
E‘;';e (telegraph) | = 6087 ft = 18553176 m
mile (U.S. . _ =5280 x 1 200/3 93
Survey) mi =5 280ft (US Survey feet) m~1609.347 219
nail (cloth) | = 2% in |=0.057 15 m |
Inautical league || NL;nl  |=3 nmi ||=5556m |
nautical mile NM (Adm); |l_ _
(Admiralty) nmi (Adm) | 6 080 ft =1853.184 m
nautical mile gy |l= 1 852 m =1852m
(international)
lpace | =251t |=0.762m |
lpalm | |l=3in |=0.0762 m |
Distance of star witlparallax ~
parsec pc shift of one arsecond from a : 2.8815@6;7 82 x 10
base of one astronomical unit ||~
pica = 12 points Dependent on point
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point (American,

Enali pt = 1/72.272 in ~ 0.000 351 450 m
nglish)

= 1/12 x 1/72 of pied du roi;  ||= 0.000 375 97 m;
point (Didot; t
European) P After 1878: After 1878:

= 5/133 cm ~ 0.000 375 939 85 i
paint (PostScript = 1/72in = 0.000 352 7 m
lpoint (TeX) || pt |= 1/72.27 in || = 0.000 351 4598 )
lquarter | = vayd ||l=0.2286 m |
Eﬂ‘;; pole; perch ||, = 16% ft = 5.0292 m
Irope (H) || rope = 20 ft || =6.096 m |
lspan (H) | |I=9in ||=0.2286 m |
[spat [ | [E1x10"m |
Istick (H) | l=2in |l=0.0508 m |
stigma,; bicron _ 12
(picometre) pm =1x107m
[twip [[twp |=1/1 440in | =1.7638 x IOm |

|x unit; siegbahn || Xu

|~ 1.0021 x 10°%m |

yard vd = 0.9144 m= 3 ft= 36 in = 0.9144 m
(International)

99.2 AREA:
| Name of unit || Symbol| Definition || Relation to Sl units |
acre (international) ac =1chx10ch=4840_ 4 046.856 4224 fn

sqyd

=10sqch=4840sg_ 4 046.873 Al

acre (U. S. survey) ac vd

lare | a |l= 100 nt = 100 n¥ |

lbarn I =10 |= 10" |
_ =1.618 742 568

barony =4 000 ac 96 x 16 n?

lboard lbd |Elinx1ft =7.74192 x IO’ |

direct radiation

boiler horsepower equivalerrr)hp
E

DR

= (1 ft) (1 bhp) / (24
BTUr/h)

~12.958 174 m

[circular inch || circin |=n/4 sq in |~ 5.067 075 x 1T n? |
[circular mil; circular thou || circ miljz n/4 mil® |~ 5.067 075 x 13°n?” |
lcord | = 192 bd | =1.486 448 64m |
ldunam | = 1 000 M =1 000 M |
|Guntha | = 33 ft x 33 i |l 101.17 M |
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”needey

|
Ihectare | ha |=10000m =120 000 m |
lhide | |~ 120 ac (variable) |5 x 10 n’ |
rood |ro = vaac | =1011.714 1056’'m |
lshed | = 10°% v = 10°% |
Isquare (roofing) | = 10 ft x 10 ft || =9.290 304 n |
square chain (international)|| sq ch §C66 ftx 66 ft=1/10))_ 404.685 642 24 fn
. = 66 ft(US) x _

square chain (U.S. Survey) sq ch 66 ft(US) = 1/10 ac || 404.687 3 h
Isquare foot | sqft |E1ftx1tt = 9.290 304 x IOn? |

_ ~9.290 341 161 327
square foot (U.S. Survey) sqft |=1ft(US)x1ft(US 49 x 102 nt
Isquare inch | sqin |=1inx1in | =6.4516 x 6" |
Isquare kilometre | ki |E1kmx1km | = 1bm° |
square link sq Ink |= 1 Ink x 1 Ink 040 856 4224 x 10
Isquare metre (SI unit) Im*  |[Ei1mx1im =1 nf |
Isquare mil; square thou || sq mil}= 1 mil x 1 mil |=6.4516 x 18°m° |
square mile; section sqgmif=1mix1mi ;326'5x8?69?n% 110
square mile (U.S. Survey) || sgmi (Eulsgni US)xImi Il 5 589 998 x 10n?

|square rod/pole/perch

| sqrd|z1rdx1rd

| = 25.292 852 64’'m

Isquare yard

[ sqyd [=1ydx1yd

| =0.836 127 36°m

lstremma | = 1 000 M =1 000 M

ltownship | |=36sqmi(US)  |~9.323 994 x 10n7

lyardland | = 30 ac |lr 1.2 x 10 n?

99.3 VOLUME:

| Name of unit | Symbol | Definition | Relation to SI units |
=lacx1ft=43560|=1233.481 837 547 52

acre-foot ac ft i3 me

lacre-inch | |=1acx1in | =102.790 153 128 96 n

barrel (Imperial)

| bl (imp) |[= 36 gal (Imp)

| =0.16365924°m |

barrel (petroleum)

| bl; bbl |= 42 gal (US)

| =0.158 987 294 928 n

=105 qt (US) = 105/3

UT

barrel (U.S. dry) bl (US) bu (US Ivi) fn30.115 628 198 985 07
lbarrel (U.S. fluid) | fl bl (US)= 31% gal (US) | =0.119 240 471 198 m
lboard-foot | fom =144 cuin | = 2.359 737 216 x 10 |
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|

lbucket (Imperial)

bkt

=4 gal (Imp)

| =0.018 184 36"m

lbushel (Imperial)

|_bu (Imp)|= 8 gal (Imp)

| =0.036 368 72'm

lbushel (U.S. dry heaped] bu (USJE 1 ¥ bu (US Ivl)

|
|
|
!

| = 0.044 048 837 7086

bushel (U.S. dry level) R/‘I‘) US L5 150.42 cuiin ~ 9035239070 166 88
lbutt, pipe I |= 126 gal (wine) | =0.476 961 884 784 n}
lcoomb | = 4 bu (Imp) | =0.14547488m |
lcord (firewood) | [=8ftx4ftx4ft | =3.624556363776m|
lcord-foot I =16 cu ft | = 0.453 069 545 472°m)|
lcubic fathom lcufm |=1fmx1fmx1fm || =6.116 438 863 872
lcubic foot lcuft |=1fix1ftx1ft  |[=0.028 316 846 592°m|
lcubic inch lcuin  |=1inx1linx1in | =16.387 064 x Tan® |
lcubic metre (Sl unit)  ||m® Eimximxim J|=1n? |
cubic mile cumi  |[E1mix1mix1mi ;821n28 181 825.440 57
lcubic yard lcuyd |=27cuft | = 0.764 554 857 984’ m)|
lcup (breakfast) I I= 10 fl oz (Imp) | = 284.130 625 x 10m° |

lcup (Canadian)

| c(CA) |=8floz(Imp)

|=227.3045 x TOm® |

lcup (metric)

C

|I= 250.0 x 10° m?®

|= 250.0 x 18P m® |

=8 US fl oz= 1/16 gal

cup (U.S. customary) c (US) ) = 236.588 2365 x IO6m®
cup (U.S. food nutrition c(US) |l=240 ml® — 2 4x10% i
labeling) '

. =1/384 gi (Imp) = ¥ |=369.961 751 302 08
dash (Imperial) pinch (In?p§ P= 3x10°m’

= 1/96 US fl 0z %2 U= 308.057 599 609

dash (U.S.) pinch 375 x 10° m®
dessertspoon (Imperial) =1/12 gi (Imp) =mg,11'838 776 0416 x 10
drop (Imperial) ott = 1/288 fl oz (Imp) ; 28132?71?,'67 013
drop (Imperial) (alt) || gtt I=1/1824gi (imp) |=77.886684x 10m° |
drop (medical) I = 1/12 ml |=83.03x 1M’ |
drop (metric) I |= 1/20 mL |=50.0 x 10 m’ |
drop (U.S.) gtt — 1/360 US fl 0z 22%21'&816099%3
drop (U.S.) (alt) | gt |=1/456 USfloz |~ 64.854231x 10m° |
ffifth | |= 1/5 US gal | = 757.082 3568 x for’|
ffirkin | = 9 gal (US) | = 0.034 068 706 056 m
fluid drachm (Imperial) || fidr  |= % fl oz (Imp) r:ng3'55l 6328125 x 10

Page 267 of 286




fluid dram (U.S.); U.S.

= 3.696 691 195

fluidram fl dr =% USfloz 3125 x 10° m®

fluid ounce (Imperial) E'Ir‘:é) — 1/160 gal Imp) | = 28.413 0625 x for®
fluid ounce (U.S. USfloz |=1/128 gal (US) =329.573 529 5625 x 1D
customary) m

fluid ounce (U.S. food US floz =30 mLiel — 3x10° nf

nutrition labeling)

fluid scruple (imperial) | fis =124 floz (mp) |~ 5183 87700416 10
gallon (beer) beer gal|= 282 cu in :34'621 152 048 x 10

3

gallon (Imperial)

| gal (Imp)= 4.546 09 L

|=4.546 09 x IT8m* |

=4.404 883 770

gallon (U.S. dry) gal (US)|(= % bu (US Iv]) 86 x 10° 3
gallon (U.S. fluid; Wine) || gal (US)|= 231 cuin ;33-785 411 784 x 10
gill iImperial); Noggin ﬁ'ogmp); = 5fl 0z (Imp) = 142.065 3125 x 107
gill (U.S.) gi (US) |=4Usfloz = 118.294 118 25 x 10

m

lhogshead (Imperial)

| hhd (Imp) 2 bl (Imp)

|=0.327 318 48 |

lhogshead (U.S.)

| hhd (US¥ 2 fl bl (US)

| = 0.238 480 942 392°m|

ligger (bartending) I |I= 1% US fl oz |~ 44.36 x 10° |
Ikilderkin I |I= 18 gal (Imp) | =0.081 829 62°m |
lambda IX =1 mn? |=1x10°m’ |
last | |= 80 bu (Imp) | = 2.909 4976 |
litre IiC E1am =0.001 |
lload I |=50 cu ft |=1.415842 3296°m |
minim (Imperial) i |F1/480fl 0z (imp) = |[=59.193 880 208
P 1/60 fl dr (Imp) 3% 10° m?

N . = 1/480 US fl 0z = 1/6]= 61.611 519 921
minim (U.S.) min US fl dr 875 x 10° m®
lpeck (Imperial) | pk = 2 gal (Imp) | =9.092 18 x THm* |
peck (U.S. dry) ok =% US W bu B e
perch |per  |=16%ftx 1% ft x 1 f|| = 0.700 841 953 153 nj

. . =1/192 gi (Imp) =4 |=739.923 502
pinch (Imperial) tsp (Imp) 60416 x 10° m®

. = 1/48 US fl 0z 24 US[= 616.115 199 21
sinch (U.S) tsp/ 8 US fl 0z %4 US 756)((3109&?n 199 218
lpint (Imperial) | pt (Imp) |= % gal (Imp) | =568.261 25 x IOm® |

lpint (U.S. dry)

| pt (US |=1/64 bu (US IVl ¥ ||= 550.610 471 |
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dry)

[gal (US dry)

| 3575 x 1O’ |

lpint (U.S. fluid)

LPt (US fl)|= % gal (US)

| = 473.176 473 x 10m° |

=3/4 US fl oz

=22.180147171

pony 875 x 10°m’

pottle; quartern jzl/a?ni:)(lmp) =801 1_ 5 973 045 x 1§ m?

lquart (Imperial) | gt (Imp) |= ¥ gal (Imp) | =1.136 5225 x Tom® |
= 1/32 bu (US V) = ¥J= 1.101 220 942

quart (U.S. dry) qt (US) gal (US dry) 715 x 10° m?

lquart (U.S. fluid)

[ ot (US) |= % gal (US fi)

| = 946.352 946 x 10m° |

quarter; pail I |I= 8 bu (Imp) | =0.290 949 76"m |

register ton | = 100 cu ft | = 2.831 684 6592°m |
—_ Itation

sack (Imperial); bag = 3 bu (Imp) n_ee%g%()g 106 16 fif

sack (U.S) — 3 bu (US Ivl) ~ 105 717210500 64
=0.281 912 561 335 04

seam =8 bu (US Ivl) m3lcitation needel

Ishot I |l=1USfloz = 29.57 x 10° m?® |

istrike (Imperial) | = 2 bu (Imp) | =0.072 737 44Tm |

strike (U.S.) = 2 bu (US Ivl) ;30'070 478140 333 76

tablespoon (Canadian) tbsp | ¥ fl oz (Imp) =mgl4'206 53125 x 10

tablespoon (Imperial) tosp  |=5/8 fl oz (Imp) r:ng,17'758 164 0625 x 10

tablespoon (metric) || | |=15.0 x 10° n?® |

tablespoon (U.S. tsp 1, US fl oz :314.786 764 7825 x 19

customary) m

tablespoon (U.S. food i) |l 15 (18] = 1.5x10°

nutrition labeling)

teaspoon (Canadian) tsp = 1/6 fl oz (Imp) ;34 735510 416 x I

teaspoon (Imperial) tsp =1/24 gi (Imp) ;35'919 388 02083 x 10

lteaspoon (metric) | |=5.0 x 10° m® |= 5.0 x 10° m® |

teaspoon (U.S. customartgp =1/6 US fl oz r:ng,4'928 921595 x 10

teaspoon (U.S. food tsp — 5 m 26! = 5x10° m3

nutrition labeling)

timber foot I IE1cuft | = 0.028 316 846 592°m|

lton (displacement) | |IE35cuft | =0.991 089 630 72°m |

iton (freight) | =40 cu ft | =1.132 673 863 68°m |
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lton (water) I |= 28 bu (Imp) |=1.01832416m |
ltun I = 252 gal (wine) | =0.953 923 769 568 )
wey (U.S.) I = 40 bu (US Ivl) | = 1.409 562 806 6752 I
99.4 PLANE ANGLE:
Name of unit||Symbo Definition Relatlo_n to
Sl units
, _ ~ 0.981
angular mil || = 21/6400 rad 248 x 10° rad
: . — 10 ~ 0.290
arcminute =1°/60 888 x 10° rad
" — 10 ~ 4.848
arcsecond = 1°/3600 137 x 10° rad
centesimal || _ ~ 0.157
minute of arc =1 grad/100 080 x 10° rad
centesimal ||, _ ~1.570
second of arc = 1 grad/(10 000) 796 x 10° rad
degree (of ||, _ _ . ~ 17.453
arc) = 1/180 rad = 1/360 of a revolution 293 x 10° rad
grad; gradian _ — A Ao ~ 15.707
gon grad |= 21/400 rad = 0.9 963 x 10° rad
octant =45° ~0.785 398
rad
guadrant =90° ~1.570 796
rad
radian (SI The angle subtended at the center of a circle [
. rad an arc whose length is equal to the circle's rag= 1 rad
unit) . .
One full revolution encompasses adians.
sextant = 60° ~1.047 198
rad
i — 200 ~ 0.523 599
sign =30 rad
99.5 SOLID ANGLE:
Name of _— Relation to
unit Symbol Definition S| units
steradian The solid angle subtended at the center of a splie
(S! unit) sr radius r by a portion of the surface of the sPhere =1sr
having an are&rA sphere encompasses gt
99.6 MASS:
| Name ofunit | Symbol || Definiion |  Relation to Sl units
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. L ~1.660 538 73 x 16" +
atomic mass unit, unifieq u; AMU 1.3 x 10% kg
atomic unit of mass, | ~9.109 382 15 x 10" +
electron rest mass e 45 x 10°% kg 18!
bag (coffee) | |= 60 kg | =60 kg |
lbag (Portland cement) || =94 1b av | =42.63768278kg |
lbarge | |=22% sh tn | =20411.656 65kg |
lcarat | kt |l=31/6 gr |~ 205.196 548 333 mg |
lcarat (metric) | ct |= 200 mg | =200 mg |
clove [ I=81bav | = 3.628 738 96 kg |
o — evosmg
~1.660 902 10 x 10" +
dalton Da 1.3 x 10% kg
dram (apothecary; troy)|| drt  |=60gr |=3.887 9346 g |
dram (avoirdupois) || drav |27 11/32 gr | =1.771 845 195 3125 g|
electronvolt Y /EC% eV (energy unit)_ 4 7656 x 107 kg
g T g |
igrain | gr |=64.79891 mg || =64.798 91 mg |
hundredweight (long) ?v\r/]tg cwt of 112 Ib av =50.802 345 44 kg
nundredwelght (Shom): lsh cwt =100 1b av = 45.359 237 kg
. =lgeex1gx1 |_
hyl (CGS unit) 2/m =9.80665¢g
. =1lgeex1lkgx1|_
hyl (MKS unit) 2/m = 9.806 65 kg
kilogram, grave kg; G | (I base unit}’ |
kip |kip |= 1000 Ib av | = 453.592 37 kg |
Imark | |l=8o0zt | = 248.827 8144 g |
Imite | |= 1/20 gr | = 3.239 9455 mg |
Imite (metric) | |I=1/20¢ | =50 mg |
lounce (apothecary; troy) ozt |=1/121bt |=31.103 4768 g |
lounce (avoirdupois) | ozav |=1/161b |=28.349523125g |
ounce (U.S. food nutritio _ 16) -
labeling) 0z =284 =289
lpennyweight | dwt; pwt |= 1/20 0z t | =1.55517384 g |
point | |= 1/100 ct |=2mg |
lpound (avoirdupois) | Ibav  |=7000grains | =0.453592 37 kg |
lpound (metric) | |=500g |=500g |
lpound (troy) | Ibt |=5760grains || =0.373241 7216 kg |
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guarter (Imperial)

=1/4 long cwt = 2

- 12.700 586 36 kg

=281b av

lquarter (informal) | |= % short tn | = 226.796 185 kg |
lquarter, long (informal) || |= Y long tn | = 254.011 7272 kg |
lquintal (metric) lq |= 100 kg | = 100 kg |
scruple (apothecary) || sap |=20gr |=1.2959782 ¢ |
sheet | |= 1/700 Ib av | = 647.9891 mg |
slug; geepound slug jz,%tgee x1lbavxil 14 593 903 kg
Istone | st =14 1b av | = 6.350 293 18 kg |
ton, assay (long) AT 0 éz”t‘g xLlongtn 155 666 667 g
ton, assay (short) AT izltmg x1Ishtn+3 59166667 ¢
ton, long 'tggg tnor 524010 = 1 016.046 9088 kg
lton, short [shtn  |=2000Ib | =907.184 74 kg |
ltonne (mts unit) |t |= 1 000 kg | = 1000 kg |
wey =252 |b =18 st - 11.4'305 2.77 24 kg

(variants exist)
Zentner Ztr. Eg? fg;}'gﬁﬁ‘]s vary, sey
99.7 DENSITY:
| Name of unit | Symbo]Definition|| Relation to Sl units |
lgram per millilitre lg/mL |=g/mL |/=1,000 kg/m |
kilogram per cubic metre (Sl unit)  |kg/m® |=kg/in® |= 1 kg/n? |
lkilogram per litre | kg/L |=kg/L |=1,000 kg/m |
lounce (avoirdupois) per cubic foot | oZ/ft|= 0z/ff |~ 1.001153961 kg/i |
ounce (avoirdupois) per cubic inch odlin= ozfit |

1.729994044x 10kg/nT

lounce (avoirdupois) per gallon (Imperiaghz/gal |= oz/gal

= 6.236023291 kg/th

ounce (avoirdupois) per gallon (U.S.

fluid) oz/gal |=oz/gal |~ 7.489151707 kg/th
lpound (avoirdupois) per cubic foot | I8/t |=Ib/ft® |~ 16.01846337 kg/h |
pound (avoirdupois) per cubic inch Ib¥in|= Ib/in®

2.767990471x10kg/nt

lpound (avoirdupois) per gallon (Imperigih/gal |= Ib/gal

= 99.77637266 kg/h

fluid)

pound (avoirdupois) per gallon (U.S.

Ib/gal |= Ib/gal

~ 119.8264273 kg/f

Islug per cubic foot

| slugfi= slug/ft |~ 515.3788184 kg/h
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99.8 TIME:

Name of unit || Symbo Definition Relatlo_n to Sl
units
atomic unit of au — a/(a-C) ~2.418 884
time B 254 x 10" s
Callioic cvele = 441 mo (hollow) + 499 mo (full) = 76/= 2.398 3776 x I
bpic cy a of 365.25d S
century =100 a (see below for definition of year 100 x year
length)
day d |=24h | =86400s |
= Time needed for the Earth to rotate
once around its axis, determined from
day (sidereal) d successive translts of a very distant I~ 86 164.1 s
astronomical object across an observer's
meridian (International Celestial
Reference Frame)
decade =10 a (see below for definition of yea_ 10 x year
length)
[fortnight | =2 wk |=1209600s |
lhelek | = 1/1 080 h |=33s |
Hipparchic cycle = 4 Callippic cycles-1d : 9.503 424 x 10
lhour h |= 60 min |=3600s |
liffy I |I=1/60 s |=.016s |
liffy (alternate) || |I=1/100 s | =10ms |
ke (quarter of an =60x60/4s=
=¥ h=1/96d 900 s =60/ 4 min
hour) ~ .
=15 min
=24 %60 x 60/
. _ 100 s =864 s =24
ke (traditional) =1/100d %60 / 100 min =
14.4 min
lustre; lustrum || |=5a0f365d | =1.5768 x 18 |

Metonic cycle;

=110 mo (hollow) + 125 mo (full) =

=5.996 16 x 19s

enneadecaeterig 6940d=19a

millennium =1 000 a (see below for definition of ||_ 1000 x year
year length)

milliday md  |=1/1000d X 60 80/

Iminute [min |=60s |=60s |

Imoment | I=90s |=90s |

imonth (full)  [[mo  |=30d* |=2592000s |
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Average Gregorian month = 365.2425|
month (Greg. avjjno d = 30.436875 d ~2.6297 x 1bs
imonth (hollow) || mo  |=29 d*” |=2505600s |
month (synodic)| mo Cycle time of moon phases29.530589 ~ 2551 x 185
days (Average)
octasteris = 48 mo Sfull) + 48 mo (hollow) + 3 ma= 2.524 608 x 1D
(full)®M22l = 8 3 of 365.25 d = 2922 d ||s
Planck time = (Gh [c%)* 2618;35 1024%15
time of 9 192 631 770 periods of the
radiation corresponding to the transitiq
second S between the 2 hyperfine levels of the (SI base unit)
ground state of the caesium 133 atom
0 K® (but other seconds are sometimé
used in astronomy)
shake I |I=10°s |=10ns |
sigma | |E10°s |=1ps |
Sothic cycle =1461aof365d Zotgojléo S
svedberg |s |z10%s |=100fs |
week wk |=7d |=604800s |
= 365.2425 d average, calculated from
._Jla, y,or |lcommon years (365 d) plus leap yearg_
year (Gregorian yr (366 d) on most years divisible by 4. Sée?’l 556952
leap year for details.
avor P 365.25 d average, calculated from
year (Julian) r Y common years (365 d) plus one leap yea81 557 600 s
Y (366 d) every four years
= time taken for Sun to return to the | _
year (sidereal) a; Y0l same position with respect to the starsg)f gg;igg?’ggsd; L
Y the celestial sphere ' i
_ a, y,or = Length of time it take_s. for.the Suntg_ 365.242 190 &
year (tropical) ; return to the same position in the cycle 31 556 925 s
Y seasons
99.9 FREQUENCY:
Name of unit || Symbo Definition Rela:r?i?sto St
lhertz (Sl unit) |[Hz  |= Number of cycles per second l=1Hz=1s |
. = One unit rpm equals one rotation -
revolutions per rpm completed around a fixed axis in one |~
minute . , 0.104719755 rad/s
minute of time.

99.10 SPEED OR VELOCITY:
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IName of unif|Symbol| Definition | Relation to Sl units |

foot per hour|| fph  |i=1 ft/h | 8.466 667 x 10 m/s |

footper  lem  |l= 1 fumin = 5.08 x 10 m/s

minute

foot per fps =1 ft/s =3.048 x 1T m/s

second

furlong per _ . ~

fortnight = furlong/fortnight ~1.663 095 x 10 m/s

inch per ipm  |= 1 in/min ~4.23 333 x 10 m/s

minute

inch per ips =1lin/s =2.54 x 1G m/s

second

E'(')?jr:‘etre Pelhem/h |l= 1 kmvh ~2.777 778 x 10 mis

lknot |kn  |=1NM/h =1.852 km/h = 0.514 444 m/s |

knot =1 NM (Adm)/h = 1.853 184 _

(Admlralty) kn km/h[mtanon needed - 0514 773 m/S
The ratio of the speed of an objeginitless. Actual speed of
moving through a fluid to the sound varies depending on

mach numbeM speed of sound in the same atmospheric conditions. Seg
medium; typically used as a "speed of sound" below for
measure of aircraft speed. one specific condition.

metre per

second (S| |m/s =1mls =1m/s

unit)

Imile per houfimph  ||= 1 mi/h = 0.447 04 m/s

m!le per mpm ||= 1 mi/min = 26.8224 m/s

minute

mile per mps |=1 mi/s =1 609.344 m/s

second

speed of lighf. = 299 792 458 m/s = 299 792 458 m/s

in vacuum

speed of S ~ 344 m/s at 20 °C, 60%

sound in air relative humidity®*!

99.11 FLOW (VOLUME):

| Name of unit

| Symbo| Definition ||

Relation to Sl units

lcubic foot per minute

| CFM |= 1 f¥/min||= 4.719474432x10 m’/s

lcubic foot per second

|’ |=1s

|= 0.028316846592 s

lcubic inch per minute

| #min |= 1 in¥min|= 2.7311773 x 18 m7s

lcubic inch per second

| s

|=1in”s |=1.6387064xI8 m’/s

lcubic metre per second (SI ufm?s

=1nls |=1nis

\gallon (U.S. fluid) per day

|
|
|
|
|
|
| GPD|=1galld ||=4.381263638 x T0om’/s
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lgallon (U.S. fluid) per hour | GPH |=1gal/h | =1.051503273 x 10m’/g
gallon (U.S. fluid) per minute | GPM |= 1 gal/min= 6.30901964x10 m’/s |
litre per minute | LPM |=1 L/min ||= 1.6 x 10° m’/s |

99.12 ACCELERATION:

HSymbo" Definition H Relation to Sl units |
| fph/s=1fu(h-s) |~8.466 667 x 10 m/d]
| fpm/$= 1 f/(min-s) | =5.08 x IT8m/$ |

\ Name of unit
\foot per hour per second
\foot per minute per second

[foot per second squared | fps |E1fud |=3.048 x 100 m/i |
lgal; galileo | Gal |=1cm/d = 10° m/& |
linch per minute per second || ipm/g= 1 in/(min-s) | 4.233 333 x 10 m/<]
linch per second squared | Aps |[Elin/g |=254 x 10° m/§ |
lknot per second | kn/s |=1kn/s = 5.144 444 x 10 m/<]
Imetre per second squared (SI ym/$  |= 1 m/g =1 m/é |

mph/s 1 mi/(h-s) || = 4.4704 x Tdm/$ |
mpmfs 1 mi/(min-s) || = 26.8224 nfls |

\mile per hour per second
mile per minute per second

Imile per second squared | rps|= 1 mi/g |= 1.609 344 x TOm/s |
Istandard gravity lg |= 9.806 65 m/A= 9.806 65 m/s |
99.13 FORCE:

Name of unit Symbol Definition Rela&'r?i?sto Sl
atomic unit of force = Me-a®-Ca 868.331){(3?87 ,3'2[24]
dyne (cgsunit) | dyn  |Eg-cmid |=10°N |
kilogram-force; kaf: k-
kilopond; grave- G%‘ KR gx 1lkg =9.806 65N
force

- K —_ [
kip; kip-force E:Ef Kipf; | gx1000Ib 56463181262; 613
mllllgr:ilve-force, mGf gf |=gx1g — 9.806 65 MmN
gravet-force
A force capable of giving a mass of @_ 1N =
newton (Sl unit) |[N kg an acceleration of one meter per I K -rr:/§
second, per secoid’ 9
_ =0.278 013 85(
ounce-force ozf =gx1loz 953 7812 N
bound b _ slug 8 ; 4.448 230 53]
— [
pound-force Ibf =gx1lb 564634;\? 221 613
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_ = 0.138 254 954
poundal pdl =1 Ib-ft/$ 376 N
sthene (mts unit) || sn  |=1tm/$ |=1x16N |
ton-force tnf =gx1shtn ;281'8x9$51ﬂ|3 23
99.14 PRESSURE OR MECHANICAL STRESS:

Name of unit Symbo Definition Relaljlr(])i?sto St
latmosphere (standard) | atm || |= 101 325 P& |
atmosphere (technical) | at |= 1 kgf/cnf ;:['22106 65 x 10
lbar |bar | |= 10 Pa |
barye (cgs unit) | |= 1 dyn/cnd |=0.1Pa |
centimetre of mercury cmHg|= 13 595.1 kg/mix 1 cm xg ;;[536]33 22 x 19
centimetre of water (4 °GrmH,0 |~ 999.972 kg/mx 1cm xg |~ 98.0638 P& |
foot of mercury _ ~ 40.636
(conventional) fthg  |=13595.1kg/mx 11t xg 66 x 10 Pal*®
foot of water (39.2 °F) || fttD |~ 999.972 kg/mx 1 ft xg :5['2%]88 98 x 10
foonventionay Mg = 135951 kghx 1inxg 5555775 o e
inch of water (39. in ~ : g/mx 1in xg ~ .
inch of (39.2°F) || ingD |~999.972 kg/mix 1 i 249.082 P&
kilogram-force per squarg _ =9.806 65 x 10
millimetre kgfimn= 1 kgf/mnf Pal?®!
kip per square inch ksi |=1 kipf/sqin ;567'8316 p4l26!
micron (micrometre) of umHg =13595.1 kg/mx 1um xg~ 569.133 3224 P4
mercury 0.001 torr
millimetre of mercury mmHg tEorer 595.1 kg/mx 1 mm xg= 1} 133.3224 P&®
millimetre of water (3.98 ~999.972 kg/mx 1 mm xg = ||_

mmH,O = 9.806 38 Pa
°C) 0.999 972 kgf/h
lpascal (S unit) lPa  |= N/In? = kg/(m-$) = 1 Pd"] |
piéze (mts unit) pz |=1000kg/m-5 Eplax 1GPa=1
pound per square foot psf |= 1 Ibf/ft? 56?7'880 25 Pa
pound per square inch psi |= 1 Ibffin? ;567'8316 p4l26!
poundal per square foot || pdl/sq#t1 pdl/sq ft [zze:]L.488 164 Pa
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short ton per square foof =1shtn>g/1sqft ;1985;??(03 o
forr [tor  |= 101 325/760 Pa = 133.3224 PEY)

99.15 TORQUE OR MOMENT OF FORCE:

| Nameofunit | Symbo] Definiton || Relation to Sl units |
foot-pound force || ftlbf |[=gx1lbx1ft | =1.355817 948 331 4004 N-m|
[foot-poundal | fipdl |= 1 Ib-fE/S |= 4.214 011 009 380 48 x TIN- ]
linch-pound force || inlbf [=gx1lbx1in | =0.112 984 829 027 6167 N-m|
Imetre kilogram | mkg [ENxm/g |~ 0.101 971 621 N-m |
INewton metre (Sl unifN-m |=N x m = kg-m/s7=1 N-m |

99.16 ENERGY, WORK, OR AMOUNT OF HEAT:

Name of unit Symbol Definition Relalﬁlr?i?sto S|
lbarrel of oil equivalent|| bboe |~5.8 x 16 BTUsg ¢ ~6.12x1687 |
(E?gtc')s)h thermal unit e Ty6 = 1.0545 x 183 = 1.0545 x 10
British thermal unit BTU =1.055 055 852
(International Table) i 62 x 16 J
?r;'gzg)therma' unit ey ~1.055 87 x 10
British thermal unit | o | ~1.054 350 x 1
(thermochemical) th J
?gl)tlSh thermal unit (39 BTUsq ¢ ~1.059 67 x 10J
British thermal unit (59 BTUso - |I= 1.054 804 x 15J =1.054 804 x 10
oF) - J
?Frl)tlsh thermal unit (60 BTUso ¢ ~1.054 68 x 10J
?Frl)tlsh thermal unit (63 BTUss ¢ ~1.0546 x 18]
by nemational eay |- 4.1868 3 = 41868 J
calorie (mean) | caban | |~ 4.190 02 J
calorie _ —
(thermochemical) caky =4.184J =4.184J
[calorie (3.98°C) || cabs-c | = 4.2045J
lcalorie (15 °C) | cab-c |£4.18551 | =4.1855
[calorie (20 °C) | caboc | |~ 4.1819J
Celsius heat unit _ o =1.899 100 534
(International Table) |CHYT |5 1 BTUr x 1 KPR 716 x 16 J
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cubic centimetre of

atmosphere; standard ggcatm; =1atm x 1cm =0.101325J
cubic centimetre
cubic foot of
_ cu ft atm;||_ = 2.869 204 480
atmosphere; standard |_ =1atmx 1 f 9344 x 18 3
cubic foot
: A _ = 1.055 055 852
cubic foot of natural gas =1 000 BTYr 62 x 16 J
;E[Jrgigsyarl\re(ejrg standard |4 Y9 =1 atm x 1 y@ = 11.468 520 983
osphere, atm; scy || y 2288 x 16 J
cubic yard
~1.602 177
electronvolt eV =ex1V 33x 10+
4.9 x 10%°
lerg (cgs unit) |erg |E1g-cmis =10"J |
_ =1.355 817 948
foot-pound force ft Ibf =gx1llbx1ft 331 4004 J
_ =4.214 011 009
foot-poundal ftpdl  |=1 Ib-fé&/s 380 48 x 102 J
gallon-_atmosphere imp gal |_ 1 atm x 1 gal (imp) = 460.632 569 25
(imperial) atm J
US gal |_ = 383.556 849
- g =
gallon-atmosphere (U"Ztm 1 atm x 1 gal (US) 0138 J
hartree, atomic unit of 2 2 ~ 4.359
energy En =Meo™C" (= 2Ry) 744 x 10*8 ]

= 2.684 519 537

horsepower-hour hp-h |Elhpx1h 696 172 792 x 10
J
inch-pound force inlbf |Egx1lbx1in 32%16112638\]4 829
The work done when a force @
one newton moves the pointol_ 4 5 _ ¢ .N =
joule (SI unit) J its application a distance of on I K -r;?/sz a
meter in the direction of the 9
force®!
kilocalorie; large calorigkcal;, Cal |= 1 000 cat I=4.1868 x 107 |
kilowatt-hour; Board oflkW- h; _ _
Trade Unit BO.T.U. [T LKW x1h =3.6 x 10
litre-atmosphere | latm;slj=latmx1L | =101.325) |
= 1. 2
quad 10 BTUy - 1,055 055 85
~2.17
rydberg Ry =R,h -C 872 x ?.0183
therm (E.C.) — 100 000 BT e
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therm (U.S.) [ |= 100 000 BTl; - = 105.4804 x 10
thermie | th = 1 Mcalr |=4.1868 x 10J |
lton of coal equivalent | TCE  |= 7 Geak, = 29.3076 x 10J |
lton of oil equivalent || TOE |= 10 Geah = 41.868 x 183 |
lton of TNT [tTNT  |I=1 Geah |=4.184 x 183 |

99.17 POWER OR HEAT FLOW RATE:

\ Name of unit H Symbol H Definition H Relation to SI unit$
atmosphere-cubic |l oo = 1 atm x 1 cfmin =1.688 75 x 10 W
centimetre per minute

atmosphere-cubic gtmces |=latmx1 crifs =0.101 325 W
centimetre per secorn

atmosphere-cubic fopt

=0.797 001 244 7(

second

atmcfh |=1atm x 1 cu ft/h
per hour W
atmospheresubic foof . - e |- 1 atm x 1 cu f/min =47.820 074 682 2
per minute W
atmosphereubic foot _ = 2.869 204 480
per second atmcfs =1atmx 1 cufts 9344 x 16 W
BTU (International _ N
Table) per hour BTUir/h  |=1 BTUq/h ~0.293 071 W
BTU (Intemational igr; oinle 1 BTU/min ~17.584 264 W
Table) per minute
BTU (International _ = 1.055 055 852
Table) per second BTUn/s =1 BTUr/s 62 x 1G W
calorie (International _ _
Table) per second calr/s =1 cak/s =4.1868 W
foot-pound-force per ft Ibf/h — 1 ft Ibf/h ~3.766 161 x 10
hour \W
foot-pound-force per | . = 2.259 696 580 55
minute ft Iof/min |= 1 ft Ibf/min 334 x 102 W
foot-pound-force per ft Ibfls _ 1 ft Ibfls =1.355 817 948 33

4004 W

~9.810 657 x 10

minute

horsepower (boiler) || bhp ~ 34.5 Ib/h x 970.3 BTl/Ib W

horsepower _ _ _

(European electrical hp = 75 kp-m/s =736 W
horsepower (Imperi hp — 746 W — 746 W
electrical)

horsepower (Imperi _ =745.699 871 582
mechanical) ihp = 550t Ibfls 270 22 W
lhorsepower (metric) | hp = 75 m kgf/s | = 735.498 75 W
litre-atmosphere per| m/minj= 1 atm x 1 L/min =1.688 75 W
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lire-atmosphere pery aimys = 1 atm x 1 Us = 101.325 W
second
llusec llusec  |=1L-pmHg/s™ |~ 1.333x10'W |
lponcelet | p |= 100 m kgf/s | =980.665W |
square foot equivalet _ -
direct radiation sq ft EDR|= 240 BTUr/h ~70.337 057 W
lton of air conditioning |= 1 tice melted / 24 h |~ 3504 W |
ton of refrigeration =1BTUrx1Ingtn/lb =10 |~3.938875 x 1
(Imperial) min/s W
ton of refrigeration =1BTUr x 1 shtn/lb + 10 ~3.516 853 x 1
(IT) min/s W
The power which in one secof=1W =1 J/s =
watt (S| unit) W of time gives rise to one joule (1 N-m/s =
energy> 1 kg- nf/s®
99.18 ACTION:
| Name of unit | Symbo| Definition ||  Relation to Sl units |

‘atomic unit of actioH'au

=h =h /2n|~1.054 571 68 x 18*J- &8
| H

99.19 DYNAMIC VISCOSITY:

| Name of unit

| symbo

Definition

| Relation to SI units

lpascal second (SI unit)

IPa-s |=N-s/nf, kg/(m-s)=1Pa-s

poise (cgs unit)

| P |z10'Pas

| =0.1Pa's

lpound per foot hour

| Ib/(ft- [ 1 Ibi(ft- h)

|~ 4.133 789 x 10 Pa

\pound per foot second

| To/(ft]s) 1 Ibi(ft-s)

|~ 1.488164 Pa-s

lpound-force second per square ffiiaft s/f¢ |[= 1 Ibf- s/

|~ 47.88026 Pa-s

lpound-force second per square ifishs/irf|= 1 Ibf- s/irf

|~ 6,894.757 Pa-s

|
|
|
.#;
|
|
|

99.20 KINEMATIC VISCOSITY:

| Name of unit || Symbo] Definition |Relation to SI units
lsquare foot per second | %% |=1ff/s |=0.09290304 ffs |
lsquare metre per second (Sl Um’/s | 1nf/s |=1nf/s |

Istokes (cgs unit) |

St

|l= 10 mfid= 10* /s |

99.21 ELECTRIC CURRENT:

Name of unit || Symbo

Definition

Relation to SI
units

ampere (S| base
unit)

= The constant current needed to
A produce a force of 2 x I0newton per|=1 A
metre between two straight parallel
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conductors of infinite length and
negligible circular cross-section place
one metre apart in a vaculfh.

electromagnetic

unit)

unit; abamperecgslabamp ||= 10 A

=10A

esu per second,;
statampere (cgs |esu/s
unit)

=(0.1 A-m/s) t

3.335641x10° A

99.22 ELECTRIC CHARGE:

Name of unit Symbol Definition Relatlo_n to Sl
units
abcoulomb;
electromagnetic unit (cgsabC; emy= 10 C =10C
unit)
atomic unit of charge au =e ~1.602176
462 x 10 C
= The amount of electricity
coulomb (SI unit) C carried in one second of time by=1C=1A-s
one ampere of currelf!
faraday F =1 mol XNa-e 296 485.3383
statcoulomb; franklin;
L L |statC; Fri_ . ~ 3.335
3Irﬁ;:)trostatlc unit (cgs s =(0.1A-m) /c 641 x 100 C

99.23 ELECTRIC DIPOLE:

\ Name of unit

HSymbo"Definition” Relation to Sl units \

latomic unit of electric dipole momees, || |~ 8.478 352 81 x 18° C-nf

99.24 ELECTROMOTIVE FORCE, ELECTRIC POTENTIAL DIFFE RENCE:

(cgs unit

Nam_e of Symbol Definition Relatlo_n to Sl
unit units

?Cbg"soﬁnit abv [=1x108V =1x10%V

statvolt ooty = ¢ (1ud/A-m) - 299.792 458

volt (Sl

The difference in electric potential across two
points along a conducting wire carrying one am|=1V =1 W/A =
unit) of constant current when the power dissipated
between the points equals one watt.

1 kg-nf/(A-S)
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99.25 ELECTRICAL RESISTANCE:

Nam_e Symbol Definition Relatlo_n to SI
of unit units
The resistance between two points in a conducty
ohm (Sl 0 when one volt of electric potential difference, (|F1Q=1V/A=1
unit) applied to these points, produces one ampere dikg: nf/(A? <))
current in the conductor.
99.26 CAPACITANCE:
Nam_e Symbol Definition Relatlo_n to Sl
of unit units
farad The capamtance between tyvo p_arallel plates th _ 1E=1CN=1
(S unit) F results in one volt of potential difference when AZ. (kg 1)
charged by one coulomb of electricity. 9

99.27 MAGNETIC FLUX:

Nam_e of Symbol Definition Relatlo_n to Sl
unit units

maxwell A _ 8

(CGS unit) Mx =10"Wb =1x10°Wb
Magnetic flux which, linking a circuit of one

weber (Sl Wb turn, would produce in it an electromotive forg=1 Wb =1 V-s %

unit) of 1 volt if it were reduced to zero at a uniform1 kg-nf/(A- <)
rate in 1 second.

99.28 MAGNETIC FLUX DENSITY:

\ Name of unit HSymboH Definition H Relation to S| units \
lgauss (CGS uniiB |=Mx/cn? =10* T]|=1 x 10° T |
tesla (Sl unit) ||T |= Wb/nf I=1T=1Wb/m=1kg/(A-3)|
99.29 INDUCTANCE:
Name |l mpol Definition Relation to S|
of unit units
The inductance of a closed circuit that produces
henry H volt of electromotive force when the current inth=1 H = 1 Whb/A 3
(SI unit) circuit varies at a uniform rate of one ampere pe|1 kg- nf/(A- sy
second.

99.30 TEMPERATURE:

| Name of ||Symbq|

Definition

| Conversion to
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| unit || I | kelvin |
°C = K- 273.15. A unit of °C is the same size
degree °C as a unit of K; however, their numerical valugi] = [°C] +
Celsius differ as the zero point of Celsius is setat |273.15
273.15 K (the ice point).
degree °De [K] =373.15 -
Delisle [°De] x 2/3
degree = 0 °F= freezing pt. of HO+NaCl, 180°F [K]=([°F] +
Fahrenheit between freezing and boiling pt oGl @ 1atm|459.67) x 5/9
degree oN [K] = [°N] x
Newton 100/33 + 273.15
degrqe °R; °Ra|0 °R= absolute zero [K] = [°R] % 5/9
Rankine
degree Ré [K] = [°Ré] x 5/4
Réaumur +273.15
[K] = ([°Re] -
dRZgr:lee? °Ro 7.5) x 40/21 +
273.15
kelvin (SI = 1/273.16 of the thermodynamic temperatu
(K ) : 1K
base unit) of the triple point of water.
99.31 INFORMATION ENTROPY:

Name of unit | Symbol|| Definition Relation to Sl units Relg?t(;n 0
ISI unit UK |EJIK =1 JK I |
nat; nip; nepit nat |=ks j/i-380 650 5(23) x 16’
bit; shannon || bit; b; Sk In(2) xks = 9.569 940 (16) x 16 J/K ||= 1 bit |

_ ban; |=In(10) x ||= 3.179 065 3(53) x 16’

ban; hartley Hart ke IIK

nibble = 4bits |1 3827970 0064) 0 - 2

lbyte B |l=8bits  ||=7.655952 (13) x W I/K |= Z bit |

kilobyte (decimaljkB |=1000B | =7.6550952 (13) x THJK || |

kilobyte o e _ 0L

(kibibyte) KB; KiB |=1 024 B | =7.839 695 (13) x T8J/K ||= 2°bit

99.32 LUMINOUS INTENSITY:

Name of unit || Symbo Definition Relatlo_n

to Sl units

candela (Sl The luminous intensity, in a given direction, of g

base unit); cd source that emits monochromatic radiation of |=1 cd

candle frequency 540 x 18 hertz and that has a radiant
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intensity in that direction of 1/683 watt per
steradian.

candlepower c = cd The use ofandlepoweias a unit is -1 cd
(new) P discouraged due to its ambiguity. -
candlepower Varies and is poorly reproducible. Approximately

(old, pre-1948)®  |l0.981 cd. ~0.981 cg
99.33 LUMINANCE:
\ Name of unit ||Symbo” Definition H Relation to Sl units |
candela per square foot | cdift|= cdif? |~ 10.763910417 cd/
lcandela per square inch | cdiin= cd/irf |~ 1,550.0031 cd/n |
lcandela per square met®! unit)jcd/nf |= cd/nf |= 1 cd/nt |
footlambert L |=(@m) cdif? |~ 3.4262590996 cd/f
llambert L |=(0%) cdinf|~ 3,183.0988618 cd/f
istilb (CGS unit) |sb |=10fcdinf |=1x1dcd/int |
99.34 LUMINOUS FLUX:

\ Name of unitHSymboﬂDefinitionHReIation to Sl unitj

lumen (Slunitim  |=cd-sr |=1im=1cdsr |

99.35 ILLUMINANCE:

\ Name of unit HSymboMDefinitionHReIation to Sl units{

footcandle; lumen per square fifot  |= Im/ft® | = 10.763910417 Ix|

llumen per square inch | Imfin]=Im/in® |~ 1,550.0031 Ix |

llux (SI unit) lIx lElm/m? |=1Ix=1Im/nf |

lphot (CGS unit) | ph  |=Im/ien? |=1 x 1d Ix |

99.36 RADIATION - SOURCE ACTIVITY:

| Name of unit ||Symbo]| Definition |Relation to Sl units|
lbecquerel (Sl unilBg  ||= Number of disintegrations per sec{= 1 Bq = 1/s |
lcurie ICi  |=3.7x16°Bq |=3.7x18Bq |
rutherford (H) |rd  |l=1 MBqg |l=1x16Bq |

99.37 RADIATION — EXPOSURE:

\Name of unitHSymboIH Definition HReIation to Sl units|
roentgen | R | 1R 2.58 x 10* C/kd= 2.58 x 10" C/kg |

99.38 RADIATION - ABSORBED DOSE:
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IName of unif|Symbol|  Definition

|Relation to Sl units|

gray (Sl unit|Gy  |=1J/kg=1mMs|=1Gy

rad lrad |=0.01 Gy | =0.01 Gy

99.39 RADIATION - EQUIVALENT DOSE:

\ Name of unit HSymboﬂDefinitionHReIation to Sl unitsl

[Réntgen equivalent maem

|=0.01 Sv| =0.01 Sv

Isievert (SI unit) Isv

I=1J/kg |=1Sv
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